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GENERALIZATIONS OF GALOIS AND PATAKI CONNECTIONS
TO RELATOR SPACES

ARPAD SZAZ

ABSTRACT. In this paper, by using the elementwise composition and inversion,
and a unary operation for relators (families of binary relations), we introduce
some natural generalizations of Galois and Pataki connections from ordered
sets to relator spaces.

More concretely, if R is a relator on X to Y, S is a relator on Z to W,
F is a relator on X to Z, G is a relator on W to Y, and [ is a unary
operation for relators such that

[m} —1 m}
(s°o7°)° = ((6°) o)
then we say that the relator F is [-G—normal with respect to the relators R

and S, or that the relators F and G form a Galois connection between the
relator spaces (X, Y)(R) and (Z, W)(S) with respect to the operation [J.

By using appropriate definitions, we show that if in particular Z = W,
and [ is increasing, inversion and composition compatible, then under the
notation ® = G o F we have

-1 O -1 O

((#7) TesZerm) = ((o7) or7)".
This can be expressed by saying that the relator F is [J-®-regular with
respect to the relators R and S, or that the relators F and ® form a Pataki

connection between the relator spaces (X, Y )(R) and Z(S) with respect to
the operation [J.

Actually, instead of the above equalities, we shall rather investigate the
corresponding inclusions since they are closely connected with the upper and
lower semicontinuities, and mild continuities of relators on one relator space
to another.

1. A FEW BASIC FATS ON RELATIONS

A subset F of a product set XxY is called a relation on X to Y. If in particular
F C X?, with X? = X xX, then we may simply say that F is a relation on X.
In particular, Ax = {(z, z) : = € X} is called the identity relation on X.

If F is a relation on X to Y, then for any z € X and A C X the sets
Flx)={yeY: (z,y) € F} and F[A]=J,c4 F(a) are called the images of
x and A under F, respectively. If (z, y) € F', then we may also write z F'y.

Moreover, the sets Dp = {z € X : F(x) #0} and Rp = F[X] are called
the domain and range of F, respectively. If in particular Dp = X, then we say
that F'is a relation of X to Y, or that F is a non-partial relation on X to Y.
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If Fisarelationon X to Y, then F'=J . x {z}xF(x). Therefore, the values
F(x), where z € X, uniquely determine F'. Thus, a relation F on X to Y can
be naturally defined by specifying F'(z) for all x € X.

For instance, the complement relation F€¢ of F can be naturally defined such
that F¢(z) = F(z)¢ =Y \ F(z) for all z € X. And, the inverse relation F~1 of
F can be naturally defined such that F~!(y) ={z € X : y € F(z)} forall y €Y.

Moreover, if in addition G is a relation on Y to Z, then the composition relation
GoF of G and F can be naturally defined such that (GoF)(z) = G[F(x)] for
all z € X. Thus, we also have (Go F)[A]=G[F[A]] for all AC X.

Now, a relation F' on X may, for instance, be called reflezive if Ax C F, and
transitive if F o F C F. Moreover, F may be called symmetric if F~! C F, and
antisymmetric if FNF~' C A.

Thus, a reflexive and transitive (symmetric) transitive relation may be called a
preorder (tolerance) relation. And, a symmetric (antisymmetric) preorder relation
may be called an equivalence (partial order) relation.

For instance, for any A C X, the Pervin relation Ry = A? U A°x X is a
preorder relation on X. While, for any pseudo-metric d on X and r > 0, the
surrounding B = {(z,y) € X?: d(x,y) <r} is a tolerance relation on X.

Note that if F is a symmetric relation on X, then F~! = F', but F need not
be involutive in the sense that F'o FF = Ax . While, if F is a preorder relation on
X, then F is already idempotent in the sense that Flo F' = F'.

For any relation F on X, we define F=Ax, and F" =FoF" ! if neN.
Moreover, we also define F>° = [ °  F™. Thus, it can be shown that F*° is just
the smallest preorder relation on X containing F.

In particular, a relation f on X to Y is called a function if for each x € Dy
there exists y € Y such that f(x) = {y}. In this case, by identifying singletons
with their elements, we may simply write f(z) =y in place of f(z)={y}.

Moreover, a function * of X to itself is called a unary operation on X. While, a
function * of X2 to X is called a binary operation on X. And, for any z, y € X,
we usually write * and x xy instead of x(z) and *((z, y)), respectively.

If F is arelation on X to Y, then a function f of Dp to Y is called a selection
of Fif f C F, ie., f(x)e€ F(x) forall z € Dp. Thus, the Aziom of Choice
can be briefly expressed by saying that every relation has a selection.

For any relation F on X to Y, we may naturally define two set-valued functions,
F°on X to P(Y) and F® on P(X) to P(Y),such that F°(z) = F(z) for all
r€X and FO(A) = F[A] forall AcC X.

Functions on X to P(Y) can be identified with relations on X to Y. While,
functions on P(X) to P(Y) are more powerful tools than relations on X to Y
[?] . However, it seems now to be more convenient to work with relations.

2. A FEW BASIC FATS ON RELATORS

A family R of relations on one set X to another Y is called a relator on X to
Y. And, the ordered pair (X,Y)(R) = ((X,Y), R) is called a relator space.
(For the origins, see [?] and the references therein.)
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If in particular R is a relator on X to itself, then we may simply say that R is a
relator on X. And, by identifying singletons with their elements, we may naturally
write X(R) in place of (X, X)(R). Namely, (X, X)={{X}}.

Relator spaces of this simpler type are already substantial generalizations of the
various ordered sets and uniform spaces [?]. However, they are insufficient for
several important purposes. (See, for instance, [?] and [?].)

A relator R on X to Y, or a relator space (X,Y)(R) is called simple if there
exists a relation R on X to Y such that R = {R}. In this case, by identifying
singletons with their elements, we may write (X, Y)(R) in place of (X,Y)({R}).

Following Birkhoff [?, p.1], a simple relator space X (<) may be called a
goset (generalized ordered set). Moreover, by Ganter and Wille [?, p.17], a simple
relator space (X7 Y) (R) may be called a formal context.

A relator R on X, or a relator space X(R), may, for instance, be naturally
called reflexive if each member of R is reflexive. Thus, we may also naturally speak
of preorder, tolerance, and equivalence relators.

For instance, for any family 4 of subsets of X, the family R4 ={Ra: A€ A}
is a preorder relator on X . While, for any family D of pseudo-metrics on X, the
family Rp = {B%: r >0, d €D} is a tolerance relator on X.

A function O of the class of all relator spaces is called a direct (indirect) unary
operation for relators if, for any relator R on X to Y, the value O((X, Y)(R)) is
arelator on X to Y (on Y to X). In this case, trusting to the reader’s good sense
to avoid confusions, we shall simply write RY instead of RPxv = O((X, Y)(R)).

An unary operation O for relators is called increasing if for any two relators R
and Son X to Y, with R C S, we have R ¢ SY. Moreover, the operation [
is called extensive, involutive, and idempotent if, for any relator R on X to Y, we
have Rc RY, RED =R, and RHI =RD, respectively ,

For instance, the functions ¢ and —1, defined by
R¢={R°: ReR} and R '={R': ReR}

for any relator R on X to Y, are increasing, involutive operations for relators
such that (Rc)_l = (R‘l)c. Thus, the operation c¢ is inversion compatible.
And, the functions oo and @, defined by

R*={R>*: ReR} and RI?={ScX?: S®eR}

for any relator R on X, are increasing, idempotent operations for relators such
that, for any relator S on X, we have R>° C S if and only if R € S?. Thus, the
operations co and 0 set up a Galois connection [?, p. 155].

While, the functions %, #, A, and A, defined by

R*={SCXxY: 3 ReER: RCS},

R*¥={SCXxY: VACX: 3 ReR: R[A]CS[A]},

R"={SCXxY: VzeX: 3 ReER: R(z)C S(z)},
and

R:={SCXxY: VzeX: 3 ueX: FReR: R(u)CS(z)}
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for any relator R on X to Y, are increasing, idempotent operations for relators
such that R ¢ R* ¢ R# C R" C R2. If in particular X =Y, then we can also
state that R C R**© C R®* C R*.

Beside the above unary operations, we may also naturally define several natural
binary operations for relators. For instance, for suitable relators R and S, we
may naturally define

RAS={RNS: RER, S€S} and SoR={SoR: RER, S€S}.

Thus, we evidently have (SoR) "' = R-168"" for any relators R on X to
Y and S on Y to Z. However, concerning the operation ¢ we can only prove that
SoRC ((SoR)") if Dp=X forall ReR, and SoR* C ((SoR)")" if
Rg=Z7 forall S€S.

The latter inclusions, and the formula (R AR~ )C c ({Ay }c)* put forward by
[?, Remark 9.2], strongly suggest that, in addition to an operation O for relators,
we have also to consider a dual operation @ = cUc.

3. SOME FURTHER FACTS ON RELATORS

The above important unary operations for relators can be most naturally
obtained from the various structures for relators [?, ?] with the help of Pataki
and Galois connections between power sets [?, ?].

A structure § for relators is a function of the class of all relator spaces such that,
for any relator R on X to Y, the value §r = %" = F((X, Y)(R)) belongs to
a power set depending only on X and Y.

For instance, for any relator R on X to Y, we may naturally define two relations
Intg and Lbg on P(Y) to P(X) such that

Intg(B)={ACX: I ReR: R[A]CB}
and
Lbgr(B)={ACX: 3 ReR: AxBCR}
for all B CY. Thus, Intgz and Lbg are elements of P(P(Y) x P(X)).
By the the corresponding definitions, it is clear that
AXxBCR <= Va€A: BCR(a) < VacA: R(a)°C B°
< VacA: R° )CB¢ < R°[A]C B-
Therefore, we have
Aelbgr(B) < AcIntg:(B°) <= Ac (Intg-oC)(B),
with the complement function C, defined by C(B) = B¢ forall BCY.

Hence, we can already see that

Lbr = Intgeo(C, and thus also Intg = LbgreoC.

Therefore, in contrast to a common belief, the topological and order theoretic struc-
tures are just as closely related to each other by the above equalities as the expo-
nential and the trigonometric functions are by the Euler formulas [?, p.227].
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Now, for any relator R on X to Y, we may also naturally define two relations
intg and lbgr on P(Y) to X such that, by identifying singletons with their
elements, we have

for all B C Y. Thus, we evidently have 1bg = intgcoC and intg = lbgcoC.
Moreover, for instance, it can be shown that Intga(B) = P (intz(B)).

If in particular R is a relator on X, then we may also naturally define

TR ={ACX: Achtgr(4)} and lr={ACX: AcLbgr(A)},
and quite similarly

TR:{ACX: ACintR(A)} and L'Rz{ACX: ACle(A)}.

However, these families are, in general, much weaker tools than the above rela-
tions. Moreover, they cannot already be expressed in terms of each others. However,
for instance, we have 7,1 = T .

For any relator R on X to Y, we may also naturally define
Er={BCY: intg(B)#0} and €Ex={BCY: Ibp(B)#0}.

Thus, we already have ¢ = (Ex<)” and Eg = ((’ERC)C.

The family Er of all fat sets is frequently a more important tool than the
families 7, and 7g of all prozimally and topologically open sets. Moreover, for
instance, we have 7o = Ex U{0} for any relator R on X.

By using Pataki connections, it can be shown that, for any relator R on X to
Y, S =R# is the largest relator on X to Y such that Ints = Intr . While, for
any relator R on X, S =R#? is the largest relator on X such that 74 = 75 .

Unfortunately, for the family 7% of all topologically open subsets of the relator
space X (R), there is no largest relator S on X such that 7s = 7r . However,
S = R"°° is the largest preorder relator on X such that 7s = 7x . (See [?].)

Instead of the proxzimal interior relation Intg suggested by Smirnov [?] one
can much better work with the coherence ralation Limp suggested by Efremovié
and Swarc [?]. This is already an almost as strong tool as the relator R itself.

If R is a relator on X to Y, then for any preordered set I'(<), and nets
r€ XV and y € Y' we write » € Limz(y) if the net (x,y) is eventually in each
R € R in the sense that (z,y) ' [R] € €<.

Thus, in contrast to Intr = URGR Int, we now have Limg =) rRer Limg.
However, by using Pataki connections, we can also show that, for any relator R on
X toY, §=TR* is the largest relator on X to Y such that Limg = Limy .

Now, following the ideas of Csdszér [?], one may also naturally consider the
hyperrelators $Hr = {IntR : Re R} and Rr = {LimR : Re R}, which are
much stronger tools than the relations Intz and Limg themselves.

In the light of the several disadvantages of the family 7x, it is rather curious
that most of the works in topology and analysis have been based on open sets
suggested by Tietze [?] and standardized by Bourbaki [?] and Kelley [?].

Moreover, it also a striking fact that, despite the results of Pervin [?], Fletcher
and Lindgren [?], and the present author [?], generalized topologies and minimal
structures are still intensively investigated by a great number of mathematicians.
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4. CLOSURE OPERATIONS AND REGULAR STRUCTURES FOR RELATORS

Definition 4.1. An extensive, increasing operation is called a preclosure operation.
And, an idempotent preclosure operation is called a closure operation.

Moreover, an extensive, idempotent operation is called a semiclosure operation.
And, an increasing, idempotent operation is called a modification operation.

Remark 4.2. Note that if [0 is an extensive operation for relators, then [ is
already lower semi-idempotent in the sense that RY ¢ RPD for any relator R .

Definition 4.3. Let § be a structure for relators. Then, we say that:

(1) § is quasi-increasing if Fr C Fr for any relator R on X to Y and Re R,

(2) § isincreasing if §r C Fs for any two relators R and S on X to Y with
RCS,

(3) & is union-preserving if §y,_, =, =U;c; Sr, for any family (Ri)iel
of relators on X to Y.

Remark 4.4. Note that thus ”union-preserving” implies ”increasing” implies
”quasi-increasing”.

Theorem 4.5. For any structure § for relators, the following assertions are equi-
valent :

(1) § is union-preserving,

(2) Sr =Upgecr Sr for any relator R on X to Y,

(3) T is quasi-increasing and §r CJpcr Sr for any relator R on X to Y.

Proof. To prove the implication (2) = (1), note that if (2) holds, then § is
increasing. Therefore, for any family (R1)7 cr of relators on X to Y, we have
U,er 8r. C 3Uie] ®=, - Thus, we need only prove the converse inclusion.

For this, note that now for the relator R = J,;.; Ri we have (2). Therefore, if
Q € §r , then there exists R € R such that Q € §r. Moreover, there exists i, €
such that R € R, . Hence, we can see that 2 € §r C Sr., C Uiel S®r,; -

Remark 4.6. By using the corresponding definitions and Theorem 4.5, it can be
easily seen that the structures Int, Lb, int, 1b, 7, £, and £ are union-preserving.
However, the increasing structures 7 and £ are not union-preserving.

Definition 4.7. Let § be a structure and [J be an operation for relators. Then,
we say that:

(1) § is upper O-semiregular if Fr C Fs implies R C ST for any two relators
R and Son X to Y,

(2) § is lower O-semiregular if R C SY implies §r C Fs for any two relators
R and Son X to Y.

Remark 4.8. If § is an upper [J-semiregular structure for relators, then because
of the fundamental work of Pataki [?] we may also say that the pair (§, O) is an
upper Pataki connection.

Now, the structure § may be naturally called O-regular if it is both upper and
lower [-semiregular. Moreover, for instance, § may be naturally called regular if
it is O-regular for some operation .
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Remark 4.9. In the theory of relators, Pataki connections can also be most
naturally obtained from the Galois ones [?].

Namely, if F'is a function of P(X) to P(Y) and G is a function of P(Y") to
P(X) such that, for any A C X and B CY, we have F'(A) C B if and only if
A C G(B), then for any U,V C X we have

FU)CF(V) < UCG(F(V)) < UCcC(GoF)(V).

Thus, in particular concerning the modification operations co and 9 considered
in Section 2, we can note that oo, as a structure for relators, is cod-regular. By the
forthcoming Theorems 6.3 and 6.1, this will imply that cod is a closure operation
for relators such that oo = codoo.

5. OPERATIONS DERIVED FROM STRUCTURES FOR RELATORS

Definition 5.1. For any structure § for relators, we define an operation [z for
relators such that

RUs = {ScCXxY: FsC3Ir}
for any relator R on X to Y.
Remark 5.2. Thus, for instance, if S € RPmt | then Intg C Intg . Hence, since
A € Intg(S[A]) for all A C X, we can infer that A € Intg(S[A]) for all

A C X. Thus, for each A C X, there exists R € R such that R[A] C S[A].
Therefore, S € R#.

This shows that RH™ ¢ R# . Moreover, by using the corresponding definitions,
we can even more easily see that the converse inclusion is also true. Therefore, we
actually have R# = RDPm¢ for any relator R, and thus # = Oy -

The appropriateness of Definition 5.1, is already apparent from the following
extensions and supplements of the corresponding results of Pataki [?].

Theorem 5.3. If § is a structure and O is an operation for relators such that §
1s O-regular, then O =0y

Proof. By the corresponding definitions,
SeRY = {S}cRY = F5CTr < FsCFr <= SeRrRs
for any relator R and relation S on X to Y.
Now, as some immediate consequences of this theorem, we can also state

Corollary 5.4. If § is a structure for relators, then there exists at most one
operation O for relators such that § is O-regular.

Corollary 5.5. If § is a regular structure for relators, then 0 = Oy is the unique
operation for relators such that § is O-regular.

Corollary 5.6. A structure § for relators is reqular if and only if it is
O g —regular.

Theorem 5.7. If § is a quasi-increasing structure for relators, then

(1) § is upper Og—semiregular, (2) Og is extensive.
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Proof. If R and S are relators on X to Y such that g C §s, then by the
quasi-increasingness of §, for any R € R, we also have §r C §s. Hence, by
Definition 5.1, we can already see that R € SP5 . Therefore, R ¢ S5Us . Thus, by
Definition 4.7, assertion (1) is true.

Now, from the inclusion §zr C Fr, by using (1), we can infer that R C Rs.
Therefore, (2) is also true.

Remark 5.8. Note that if in particular the structure § is increasing, then by
Definition 5.1, the operation Oz is also increasing. Therefore, by assertion (2), it
is already a preclosure operation for relators.

From the above theorem, by Corollary 5.6, it is clear that in particular we also
have

Corollary 5.9. A quasi-increasing structure § for relators is reqular if and only
if it is lower Og—semiregular.

Remark 5.10. By considering the equivalence relator R :{ X 2} on a set X with
card(X) > 2, it can be shown that, the preclosure operation 07 = AQ is not
idempotent despite that the structure 7 is increasing [?, Example 7.2].

Moreover, it is also noteworthy that now we also have R#9 # R. Thus, in
contrast to # and #oo, the operation #0 is already not stable. Therefore, in
our former papers, we have mostly used # oo instead of #0.

Theorem 5.11. If § is an union-preserving structure for relators, then

(1) § is Og-regular, (2) Og is a closure operation .

Proof. Suppose that R and S are relators on X to Y such that R ¢ SPs, and
Q € Fr . Then, by Theorem 4.5, there exists R € R such that Q € Fr. Now, since
R C SHU5 . we also have R € SUs. Hence, by Definition 5.1, we can infer that
§r C §s. Therefore, we also have ) € §s. Consequently, §r C Fs. This shows
that § is lower [ gz—semiregular. Hence, by Theorem 5.7, we can see that (1) is
true. Assertion (2) is a consequence of (1) by the forthcoming Theorem 6.3.

Remark 5.12. By Remark 4.6, the structure Int is a union-preserving. Therefore,
by Theorem 5.11, Int is Oy—regular, and Oy is a closure operation. Moreover,
by Remark 5.2, we have # = Uyt -

Therefore, the structure Int is actually #-regular, and # is a closure operation.
Thus, in particular, for any two relators R and S on X to Y, we have
Intg CInts < RcCS*.

Remark 5.13. Hence, by using the equality Lbg = IntgcoC and the corres-
ponding definitions, we can easily that

Lbgr CLbs <= IntgrcoC CIntgcoC <= Intre CIntge
= RCCSH = RCSH — RcSD

for any two relators R and S on X to Y.

Therefore, the structure Lb is @-regular, and thus by Theorem 5.3 we
necessarily have Oy, = @ . Moreover, by Remark 4.6, the structure Lb is also
union-preserving. Hence, by Theorem 5.11, we can see that @ is also a closure
operation for relators.
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6. SOME FURTHER RESULTS ON REGULAR STRUCTURES

Analogously to the results of [?, ?], we can also easily prove the following
theorems.

Theorem 6.1. If § is a O-reqular structure for relators, then
(1) O is extensive, (2) § is increasing,
(3) §r =3Fro for any relator R on X to Y.

Proof. If R is a relator on X to Y, then from the inclusion RY ¢ RY, by using
the lower O-semiregularity of §, we can infer that §zo C §r .

On the other hand, from the inclusion §r C Fr, by using the upper
[-semiregularity of &, we can infer that R C RY . Therefore, (1) is true.

Now, if § is a relator on X to Y such that R C S, then by using (1) we can
see that R € SU also holds. Hence, by using the lower [J-semiregularity of §,
we can infer that §r C §s. Therefore, assertion (2) is also true.

Now, from the inclusion R € RY, by using (2), we can infer that §r C SroO-
Therefore, assertion (3) is also true.

From this theorem, by Theorem 5.11, it is clear that in particular we also have

Corollary 6.2. If § is a union-preserving structure for relators, then §r = S 05
for any relator R on X to Y.

Theorem 6.3. For an operation O for relators, the following assertions are equi-
valent :

(1) O is self-regular, (2) O is a closure operation,

(3) there exists at least one O-regular structure § for relators.

Proof. If (2) holds, and R is a relator on X to Y, then by the extensivity of O
we have R € RY. Therefore, if S is a relator on X to Y such that RP c ST,
then we also have R € SH. Thus, [ is upper [J-semiregular.

On the other hand, if R ¢ SY, then by the increasingness of [ we also have
RE ¢ 8P, Hence, by the idempotency of [, it follows that RHY ¢ Y. There-
fore, O is also lower [J-semiregular. Thus, O is O-regular, and so (1) also holds.

Now, since (3) can be trivially derived from (1) by taking § = O, we need only
show that (3) also implies (2).

For this, note that if (3) holds, then by Theorem 6.1 the operation [J is extensive.
Moreover, for any relator R on X to Y, we have §ro = §r. Hence, by taking
RY in place of R, we can see that Fron = §ro, and thus Froo = Fr also
holds. Hence, by using the upper O-semiregularity of §, we can already infer that
O is upper semiidempotent in the sense that RHY ¢ RY. Now, by Remark 4.2,
we can see that [ is actually idempotent.

Thus, to obtain (2), it remains only to show that O is also increasing. For
this, note that if R and S are relators on X to Y such that R C S, then by
Theorem 6.1 we also have §r C §s. Moreover, we have §g = §zo, and thus also
$ro C §s. Hence, by using the upper U-semiregularity of §, we can already infer
that RY c SU.

From this theorem, by Theorem 5.3, it is clear that in particular we also have
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Corollary 6.4. If { is a closure operation for relators, then ¢ = .
Moreover, from Theorem 6.3, by using Definition 4.7, we can immediately derive

Corollary 6.5. For a structure § and an operation O for relators, the following
assertions are equivalent ;

(1) § is O-regular,
(2) O is a closure operation, and for any two relators R and S on X to Y,
we have Fr C Fs if and only if RP c SU.

7. A FURTHER CHARACTERIZATION OF REGULAR STRUCTURES

Theorem 7.1. For a structure § and an operation O for relators, the following
assertions are equivalent :

(1) § is O-regular,

(2) § is increasing, and for every relator R on X to Y, § = RE s the
largest relator on X to Y such that Ts C §r -

Proof. If (1) holds, then by Theorem 6.1 the structure § is increasing, and for any
relator R on X to Y we have §zo = §r. Moreover, if S is a relator on X to
Y such that §s C §r, then by using the upper [I-semiregulaty of § we can see
that S ¢ R . Thus, in particular, (2) also holds.

On the other hand, if (2) holds, and R and S are relators on X to Y such that
s C Fr, then from the assumed maximality property of RY we can see that
S € RY. Therefore, § is upper [J-semiregular.

Conversely, if R and S are relators on X to Y such that S ¢ RY, then by
using the assumed increasingness of § we can see that §s C §ro. Hence, by the
assumed inclusion §ro C §r, it follows that §s C Fr. Therefore, § is also
lower [J-semiregular, and thus (1) also holds.

From this theorem, by Theorem 6.1, it is clear that in particular we also have

Corollary 7.2. If § is a O-regular structure for relators, then for any relator R
on X to Y, S=RD is the largest relator on X to Y such that §s = Fr .

From the above results, by Theorem 5.3, it is clear that we also have

Corollary 7.3. If § is a regular structure for relators, then for any relator R on X
toY, §= RYs s the largest relator on X to Y such that §s C §r (53 = SR) .

Hence, by Theorem 5.13, it is clear that in particular we also have

Corollary 7.4. If § is a union-preserving structure for relators, then for any
relator R on X to Y, S = RYs is the largest relator on X to Y such that

s C¥r (Ss=3r)-

Remark 7.5. Hence, by Remark 5.12, we can see that, for any relator R on X
to Y, S=TR7 is the largest relator on X to Y such that Ints C Intg (Ints =
IntR) .

From Theorem 7.1, by Theorem 6.3, it is clear that in particular we also have

Corollary 7.6. For an operation O for relators, the following assertions are equi-
valent :
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(1) O is a closure operation,

(2) O is increasing, and for every relator R on X to Y, S = RE s the
largest relator on X to Y such that SU c RY,

(8) there exists an increasing structure § for relators such that, for every relator
Ron X toY, S=RD is the largest relator on X to Y such that Fs C Fr.

However, by using some direct arguments, we can also prove the following
Theorem 7.7. For an operation [ for relators, the following assertions are equi-
valent :

(1) O is a semiclosure operation,

(2) for every relator R on X to Y, S = RE s the largest relator on X to
Y such that SY c RY (SD = RD) s

(8) there exists a structure § for relators such that, for every relator R on X
to Y, S=RY is the largest relator on X to Y such that §s C §r (%’5 = 373) .
Proof. If (1) holds and R is a relator on X to Y, then by the idempotency of
O we have (RD)D = RE. Moreover, if S is a relator on X to Y such that
SY ¢ RY, then by the expansivity of [, we also have & € RY . Therefore, (2)
also holds.

Now, since (3) can be trivially derived form (2) by taking § = OJ, we need only
show that (3) also implies (1). For this, note that if (3) holds and R is a relator on
X to Y, then from the equality §r = §r , by using any of the assumed maximality
properties of RY, we can infer that R € RP. Therefore, [ is extensive.

On the other hand, by taking RP in place of R in (3), we can also see that
Sroo C o (SRDD = SRD) . Now, since §zo C Fr (SRD = SR) also
holds, we can also see that §roo C §r (SRDD = 371) . Hence, by the assumed
maximality properties of RY, we can already infer that RHZ ¢ RY. Now, by
Remark 4.2, we can see that the corresponding equality is also true. Therefore, [J
is idempotent, and thus (1) also holds.

8. SOME FURTHER RESULTS ON CLOSURE OPERATIONS

By using a direct argument, we can easily prove the following extension of the
last statement of Remark 5.13.

Theorem 8.1. If O is a closure and ¢ is an increasing involution operation for
relators, then { = oo is also a closure operation for relators.

Proof. Since ¢ and O are increasing, it is clear that ¢[J, and thus (¢ [0)¢ is also
increasing. Therefore, ¢ is also increasing.

Moreover, if R is a relator, then by using the extensivity of [ we can see
that R® c R°Y. Hence, by using the increasingness of ¢, we can infer that
R c R°U°. Now, since R°® = R, we can see that R C R®, and thus ¢ is
also extensive.

Finally, by using the involutiveness of ¢ and the idempontency of O, we can
see that
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where A is the identity operation for relators. Therefore, ¢ is also idempotent.

Remark 8.2. Thus, in particular, ® = c* ¢ is also a closure operation for relators.
Moreover, it is also worth noticing that, for any relator R on X to Y, we have

R®=|J P(R)={ScXxY: 3ReR: SCR}.
ReR
Namely, if for instance S € R®, then S € R¢*¢, and thus S¢ € R¢*. There-
fore, there exists R € R such that R¢ C S¢. Hence, it follows that S C R, and
thus S € P(R). Therefore, S € Jzcr P(R) also holds.

Remark 8.3. By using the corresponding definitions and Theorem 4.5, it can be
easily seen that the operations ¢, —1, oo, 9, and * are union-preserving.
Moreover, we can also easily see that the composition of two union-preserving

operations is also union-preserving. Thus, in particular, ® is also union-preserving.

Unfortunately, the important closure operations #, A, and A are not union-
preserving. However, we can easily prove the following

Theorem 8.4. If (I is a closure operation for relators, then for any family (Rl)
of relators on X to Y, we have

() ()’

iel el

i€l

Proof. If R = |J,c; Ri, then for each ¢ € I we have R; C R. Hence, by
using the increasingness of [, we can infer that RZ-D C RY. Therefore, we have
Uier RiD C RY. Hence, by using the increasingness and the idempotency of [,

i1 RP)” ¢ ROD = RE,

On the other hand, by the extensivity of O, for each i € I we have R; C RZ-D ,
and hence also R; C |J;c; RY . Therefore, R = J,.; R C U,;c; R . Hence,
RE)".

we can already infer that (|

by using the increasingness of [, we can already infer that R c (U
Therefore, the required equality is also true.

iel

From this theorem, by calling a relator R to be O-invariant if RY = R, we
can immediately derive the following

Corollary 8.5. If OO is a closure operation for relators, then for any family
(Ri)iel of relators on X to Y, we have (U, c; Ri)‘] = Uier RP if and
only the relator |J; ¢ ; RY is O-invariant.

Analogously to Theorem 8.4, we can also easily prove the following

Theorem 8.6. If [J is a closure operation for relators, then for any family (RZ) el
of relators on X to Y, we have

N R?:<m R;>D.

iel iel
Proof. If R = (), Ri, then for each € I we have R C R;, and hence also
RY c RY. Therefore, (;¢; Ri)D =RY cN,; RY.
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Hence, by taking RZ-D in place of R;, we can already infer that

(N RP)DCHR?D—QRPC(H RP)D.

i€l il il il
Therefore, the required equality is also true.
From this theorem, we can immediately derive the following

Corollary 8.7. If O is a closure operation for relators, then for any family

(Ri)iel of relators on X to Y, the relator (¢ RY is O-invariant.

Hence, it is clear that in particular we also have

Corollary 8.8. If O is a closure operation for relators, then for any family
(Ri)iel of O-invariant relators on X to Y, the relator (\,c; Ri is also
O-invariant.

Remark 8.9. Note that the proofs of the above three theorems also yield some
useful statements for the corresponding generalizations of closure operations.

Remark 8.10. In our former papers, a closure operation [J for relator has been
usually called a refinement operation. Therefore, the [D-invariant relators have
been rather called O-fine, than O-closed.

Moreover, two relators R and S on X to Y have been called U-equivalent if
R = SY. And, the relator R has been called O-simple if it is (-equivalent to
a simple relator {R} on X to Y.

Now, a relator R on X to Y may, for instance, be naturally called properly,
uniformly, proximally, topologically, and paratopologically simple if it is [J-simple
with 00 = A %, #, A, and A, respectively.

9. INVERSION COMPATIBLE OPERATIONS FOR RELATORS

Definition 9.1. An unary operation [ for relators is called inversion compatible
if for any relator R on X to Y we have

(RT) ™ =(R71)".
The usefulness of this definition is apparent from the next simple theorems.

Theorem 9.2. If O is an inversion compatible operation for relators, then for any
relator R on X to Y the following assertions are equivalent :

(1) R is O-invariant, (2) R~ is O-invariant.

Proof. If (1) holds, then we have (R~} )D = (R"Y )71 =R~!, and thus (2) also
holds.

Hence, by writing R ! in place R, we can see that the converse implication is
also true.

Definition 9.3. If [ is an unary operation for relators, then a relator R on X is
called O-symmetric if

(RP) ™' =R".
Remark 9.4. Now, the relator R may, for instance, be naturally called pro-

perly, uniformly, proximally, topologically, and paratopologically symmetric if it is
O-symmetric with O = A, %, #, A, and A, respectively.
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Theorem 9.5. If R is a properly symmetric relator on X, then R is O-symmetric
for any inversion compatible operation [ for relators.

Proof. By the corresponding definitions, we have RE = (Ril)D = (RD)fl.

Theorem 9.6. If O is an inversion compatible operation for relators, then for any
relator R on X the following assertions are equivalent :

(1) R is O-symmetric,
(2) R~ is O-symmetric,
(3) R and R~ are O-equivalent.

— (R™! )D. Therefore, (3) also

Proof. If (1) holds, then we have R = (RD)
holds. )
While, if (3) holds, then ((R‘l )D) = (RP) o (R™! )D. Therefore, (2)
also holds.
Now, from the implication (1) = (2), by writing R ! in place of R, we can
see that the converse implication is also true.

Remark 9.7. In this respect, it is also worth noticing that if [0 is an unary
operation for relators and R is a [J-symmetric relator on X to Y such that R

and R~! are O-equivalent, then (RD )_1 =RH= (R‘l )D.

However, it is now more important to note that, in addition to Theorem 9.6, we
can also prove the following

Theorem 9.8. If 1 is an inversion compatible closure operation for relators, then
for any relator R on X the following assertions are equivalent :

(1) R is O-symmetric,
(2) R-'c RY; (3) Rc (RN,
(4) R is O-equivalent to a properly symmetric relator S on X.

Proof. If (1) holds, then by the extensivity of [J, it is clear that R =% C (RD)_l =
RY. Therefore, (2) also holds.

Moreover, if (2) holds, then we can see that R C (RU )71 =(R™! )D. There-
fore, (3) also holds.

While, if (3) holds, then we can quite similarly see that (2) also holds. From (2)
and (3), by using Theorem 6.3, we can infer that (R’l )D cRPc (Rfl )D , and
thus RY = (R~! )D. Therefore, by Theorem 9.6, (1) also holds.

On the other hand, if (1) holds, then RUY is properly symmetric. Hence, since
RU = (RE )D, we can already see that (4) holds with S = RY.

Conversely, if (4) holds, then it is clear that (R" )71 = (sH )71 = (8! )D =
S = RY. Therefore, (1) also holds.

From this theorem, by using Theorem 6.3 and Definition 4.5, we can derive

Corollary 9.9. If O is an inversion compatible operation and § is a U-regular
structure for relators, then for any relator R on X the following assertions are
equivalent :

(1) R is O-symmetric, (2) §r-1 C Fr; (3) Ir CIr-1-
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Hence, by Theorem 5.3, it is clear that in particular we also have

Corollary 9.10. If § is a reqular structure for relators such that the induced
operation Oz is inversion compatible, then for any relator R on X the following
assertions are equivalent :

(1) R is Ogz-symmetric, (2) Fr-1 C Fr; (3) r CFr-1-

Remark 9.11. To apply these inclusions to the structure Int, we can note that
if R is a relator on X to Y, then for any A C X and B CY we have

Belntgr1(A) < FIRecR: R '[B]cCA.

Moreover, we also have

R'B]|CA < ANR'[B]=0 <= R[A°NB=0 <= R[A°]C B“.
Therefore,

Belntp1(A) <= A°cntr(B°) <= B°clntyz'(A°)

< C(B)eIntz'(C(A)) < BecC '[Intz'(C(4)]
& BeC[Intyz'(C(A)] < Be(Colntz'oC)(A).
Hence, we can already infer that
Intr-1 =Co IntfaloC, and thus also Intfz1 =Colntp-10C.

Remark 9.12. Finally, we note that the theorems proved in this section can be
generalized by using an arbitrary increasing involution operation ¢ for relators
instead of the inversion —1.

10. THE INVERSION COMPATIBILITY OF SOME BASIC OPERATIONS

Theorem 10.1. If O is an union-preserving operation for relators, then the follo-
wing assertions are equivalent :

(1) O is inversion compatible,
(2) ({R}D)_1 = {R‘l}D for any relation R on X to Y.

Proof. To prove that (2) also implies (1), note that by Remark 8.3 the operation
—1 is union-preserving. Therefore, for any relator R on X to Y, we have

(RDV( U {R}D)l U (ry)~

“U = (U ) = m

Remark 10.2. By using some obvious analogues of our former definitions, we
can easily see that, for an operation [ for relations, the following assertions are
equivalent :

(1) O is inversion compatible,
(2) (RD)71 c(R! )D for any relation Ron X to Y,
3) (R )D C (RD)_1 for any relation R on X to Y.
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Therefore, as an immediate consequence of Theorem 10.1, we can also state

Corollary 10.3. If 0 is an union-preserving operation for relators, then the
following assertions are equivalent :

(1) O is inversion compatible,
(2) ({R}D)_l C {R‘l}D for any relation R on X to Y,
(3) {Rfl}D C ({R}D)fl for any relation R on X to Y.

However, the latter observation cannot actually be used to simplify the proof of
the following

Theorem 10.4. The operations ¢, oo, J, and * are inversion compatible.

Proof. From Remark 8.3, we know that these operations are union-preserving.
Moreover, for instance, for any two relations R and S on X we have

()" = (Ure) = U™ = Utay = ()

and
Se{R'})’ «— S®ec{R'} «— S*=R' « (5°)'=R
— (5N =R < (5 1) ec{R} «— 'e{R)? «— Se({R}?)""
Therefore,
({R)) "= ({R}H™ and  ({R)) 7 = ({R})”,
Hence, by Theorem 10.1, we can see that co and O are inversion compatible.
Analogously to Remark 10.2, we can also easily prove the following

Theorem 10.5. For an operation O on relators, the following assertions are equi-
valent :

(1) O is inversion compatible,

(2) (RD)_l C (Ril)‘j for any relator R on X to Y,

(3) (R‘l)m C (73'])71 for any relator R on X to Y.
Proof. To prove that (2) implies (3), note that if (2) holds, then for any relator R on
X to Y we also have ((R‘l)‘] )71 c RY, and hence also (R‘l)m C (RD )71.

Theorem 10.6. The operation # is also inversion compatible.
Proof. If R is a relator on X to Y, then by Remark 9.11 we have
Intgr-1=Co Int7_z1 oC.

Moreover, by using Remark 5.12 and Theorem 6.1, we can see that Intz# = Int .
Therefore, we also have

Int(g#)-1 =Colntyz0C=Colnty' oC =Intg-1 .

Hence, by using Remark 5.12, we can already infer that (’R#)il C (Rfl)#.
Therefore, by Theorem 10.5, the required assertion is also true.
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Now, as an immediate consequence Remark 5.12, Theorems 10.6 and 9.6, Corol-
lary 9.10 and Remarks 9.11, we can also state
Theorem 10.7. For a relator R on X, the following assertions are equivalent :
(1) R is proximally symmetric,
(2) Intp-1 =Intg, (3) Int;z1 =ColntgolC.
Remark 10.8. Unfortunately, the important closure operations A and A are not
inversion compatible.

Therefore, for any relator R on X to Y, we must also define

RY=(R")™" amd RY=(R%) .

However, these operations have very curious properties [?, ?].

For instance, the operations VV and VV coincide with the extremal closure
operations defined by

R'z{&n}*, where 6732072,
and
R*=R if R={XxY} and R*=P(XxY) if R#{XxY}.
Remark 10.9. Note that the compositions of inversion compatible operations are
also inversion compatible.

Therefore, by Theorems 10.4 and 10.6, the operations #oo, #0, and @=c#c
are also inversion compatible.

11. COMPOSITION COMPATIBLE OPERATIONS FOR RELATORS

Composition compatibility properties of operations for relators have been first
considered in [?] in somewhat different forms.

Definition 11.1. For an operation [J for relators, we say that:

(1) O is left composition semicompatible if (S o ’R)D =(So ’RD)D for any
two relators R on X to Y and S on Y to Z,

(2) O is right composition semicompatible if (S o R) - (S UoR ) Y for any
two relators R on X to Y and S on Y to Z.

Remark 11.2. Now, the operation [J may be naturally called composition com-
patible if it is both left and right composition semicompatible.

Note that, actually, this is also very weak composition compatibility property.
However, by the following theorem, it will be sufficient for our subsequent purposes.

Theorem 11.3. If [ is a composition compatible operation for relators, then for
any two relators R on X toY and § on Y to Z we have

(SoR)” = (870 RD)"
Proof. By Definition 11.1, we have (SoR)"” = (SoRE)" = (sPorY)".
Remark 11.4. In this case, by Definition 11.1, we also have

(§PeR)” = (50RD)"

From Theorem 11.3, by using the associativity of composition, we can derive
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Corollary 11.5. If O is a composition compatible operation for relators, then for
any three relators R on X toY, S on'Y to Z, and T on Z to W we have

(ToSoR)D: (TDOSDORD)D.
Proof. By using Theorem 11.3, we can see that

(’TO(SOR))DZ (TDO(SOR)D)D: (TDO(SDORD))D.

Remark 11.6. In this case, by using Definition 11.1, we can also prove that
(TOSOR)D:(TDOSOR)D: (TOSDOR)D:(TOSORD)D.
However, it is now more interesting, that by using the corresponding definitions,
we can also easily prove the following
Theorem 11.7. If [0 is a preclosure operation for relators, then for any two
relators R on X to' Y and S on Y to Z we have
(1) (S OR)D C (SORD)D C (SDORD)D,
2) (SoR)” c(8Por)” c (80RO,

Proof. By the extensivity [J, we have R C RUY. Hence, by the elementwise
definition of composition of relators, we can see that SoR C SoRY. Thus,

by the increasingness of [0, we also have (S o R) - C (S ) RD)D. Hence,

by writing S in place of S, we can see that (SD o R)D C (SD o RD)D.
Therefore, the first part of (1) and the second part of (2) are true.

From this theorem, by using Definition 11.1, we can immediately derive

Corollary 11.8. If O is a preclosure operation for relators, then

(1) O is left composition semicompatible if and only if (SoRD ) Qe (SOR)D
for any two relators R on X toY and S on Y to Z,

(2) O is right composition semicompatible if and only if (SYoR ) - C (SOR) -
for any two relators R on X toY and § on Y to Z.

Hence, by Theorem 6.3, it is clear that in particular we also have

Corollary 11.9. If O is a closure operation for relators, then

(1) O is left composition semicompatible if and only if S o RY ¢ (S o ’R)D
for any two relators R on X to Y and S on Y to Z,

(2) O is right composition semicompatible if and only if S5 o R C (S o R)D
for any two relators R on X to Y and S on Y to Z.

Remark 11.10. In addition to the above results, it is also worth noticing that an

involution operation [ for relators is left composition semicompatible if and only

if SoR =80oRE for any two relators R on X to Y and S on Y to Z.
Moreover, since SoR = [Jgecg S ©R holds, we can also at once state that an

involution operation [ for relators is left composition semicompatible if and only
if SoR=S0RE for any relator R on X to Y and relation S on Y to Z.
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12. COMPOSITION COMPATIBILITIES OF THE BASIC CLOSURE OPERATIONS
Now, by using Corollary 11.9 and Theorem 8.4, we can also prove the following

Theorem 12.1. If O is a closure operation for relators, then

(1) O is left composition semicompatible if and only if SoRP C (S o R)D
for any relator R on X to Y and relation S on Y to Z,

(2) O is right composition semicompatible if and only if SYoRC (S oR
for any relation R on X to Y and relator S on'Y to Z.

)D

Proof. If O is left composition semicompatible, then by Corollary 11.9, for any
relator R and relation S on Y to Z, we have {S}oRY C ({S} oR)D7 and
thus SoRY C (SoR) -, Therefore, the "only if part” of (1) is true.

Conversely, if R is a relator on X to Y and S is a relator on Y to Z, and the

inclusion SoRH ¢ (S oR ) - holds for any relation S on Y to Z, then by using
the corresponding definitions and Theorem 8.4 we can see that

SoRT =[] SoRPc |J(50R)"

“ <SLEJS(SOR)D>D: <SL€JSSOR)D N (SOR)D

Therefore, by Corollary 11.9, the ”if part” of (1) is also true.

By using this theorem, we can somewhat more easily establish the composition
compatibility properties of the basic closure operations considered in Section 2.

Theorem 12.2. The operations * and # are composition compatible.

Proof. To prove right composition semicompatibility of #, by Theorem 12.1, it is
enough to prove only that, for any relation R on X to Y and relator S on Y to

Z , we have S#oRC(SoR)#.

For this, suppose that W € S#oR and A C X. Then, there exists V € S# such
that W = VoR. Moreover, there exists S € S suchthat S[R[A]] C V[R[A]],
and thus (SoR)[A] C (VoR)[A] =W [A]. Hence, by taking U = So R, we
can see that U € So R such that U[A] C W[A]. Therefore, W € (S o R)#
also holds.

Theorem 12.3. The operations A and A are left composition semicompatible.

Proof. To prove left composition semicompatibility of A, by Theorem 12.1, it is
enough to prove only that, for any relator R on X to Y and relation S on Y to
Z, we have So R C (SOR)A.

For this, suppose that W € SoR” and x € X. Then, there exists V € R%
such that W = S o V. Moreover, there exist ©« € X and R € R such that
R(u) C V(x). Hence, we can infer that

(SoR)(u) =S [Rw)] C §[V(z)] = (SoV)(x) = W(x).

Now, by taking U = S o R, we can see that U € S o R such that U(u) C W(z).
Therefore, W € (S o R)A also holds.
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Instead of the right composition compatibility of the operations A and A, we
can only prove the following

Theorem 12.4. For any two relators R on X to Y and S on Y to Z, we have
(1) (SoR)"=(s*oR)", () (SoR)* = (5*0R)".

Proof. By the extensivity #, we have S C S#. Hence, by the elementwise defi-
nition of composition of relators, we can see that SoR C S# o R. Thus, by the
increasingness of A, we also have (S o R)A - (S# ) R)A.

To get the converse inclusion, by Theorem 6.3, it is now enough to prove only that
S#oR C (SOR)A. For this, suppose that W € S# o R and x € X. Then, there
exists V € S# and R € R such that W =V o R. Moreover, there exists S € S,
such that S [R(z)] C V [R(z)], and thus (So R)(z) C (Vo R)(z) = W(x).
Hence, by taking U = So R, we can see that U € SoR such that U(zx) C W(z).
Therefore, W € (S o R)A also holds.

Thus, we have proved (1). Assertion (2) can now be immediately derived from
(1) by using that the operation A is A-absorbing in the sense that U = U* for
any relator & on X to Z.

From this theorem, by using Theorem 12.3, we can immediately derive

Corollary 12.5. For any two relators R on X to Y and S on Y to Z, we have
(1) (SoR)"=(8*oRM)", (2) (SoR)"=(S*oR)".

Remark 12.6. By using Theorem 12.1, we can also somewhat more easily prove
that the operation ®, defined in Remark 8.2, is also composition compatible.

13. SEMINORMAL FUNCTIONS

In [?], slightly extending the ideas of Ore [?], Schmidt [?, p. 209], Blyth and
Janowitz [?, p. 11], and the present author [?] on Galois connections, residuated
mappings, and normal functions, we have introduced the following definition in a
somewhat different form.

Definition 13.1. Let X and Y be gosets. Moreover, let f be a function of X to
Y and g be a function of Y to X.

Then, we say that :

(1) fis upper g—seminormal if f(z) <y implies z < g(y) for all x € X and
yey,

(2) fislower g-seminormal if = < g(y) implies f(z) <y forall x € X and
yey.

Now, by writing R and S in place of the inequality relations in X and Y,
respectively, we can see that f is upper g—normal if and only if f(z) Ry implies
xSg(y) forall z€ X and y €Y.

This shows an obvious way to a straightforward generalization of Definition 13.1
to relator spaces.

Definition 13.2. Let (X, Y )(R) and (Z, W)(S) be relator spaces. Moreover,
let f be a function of X to Z and ¢ be a function of W to Y.

Then, we say that :
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(1) f is upper g-seminormal if for each S € S there exists R € R such that
f(z)Sw implies z Rg(w) for all z € X and we W,

(2) f is lower g-seminormal if for each R € R there exists S € S such that
z Rg(w) implies f(z)Sw forall x € X and we W.

Hence, by noticing the pairwise equivalence of the implications

f(@)Sw = zRg(w),
weS(fx) = glw)e RG),
w € S(f(x)) — weg '[R()],
we (Sof)(z) = we (g 'oR)(2),
and the inclusion (So f)(x) C (g7'o R)(x), we can easily get following concise
reformulation of Definition 13.2.

Theorem 13.3. Under the notations of Definition 13.2,

(1) f is upper g—seminormal if and only if for each S € S there exists R € R
such that Sof C g loR,

(2) [ islower g-seminormal if and only if for each R € R there exists S € S
such that g"'oRC So f.

Hence, by using the composition of relators, and the operation ®, defined in
Remark 8.2 such that ® = c¢* ¢, and thus

R®={SCXxY: IReR: SCR}

for any relator R on X to Y, we can easily get the following concise reformulation
of Theorem 13.3.

Theorem 13.4. Under the notations of Definition 14.2,
(1) [ is upper g-seminormal if and only if So f C (g~ 'to R)® ,
(2) f is lower g-seminormal if and only if g~ *oR C (S of)®.
Hence, by using that & is also a composition compatible closure operation for

relators, we can immediately derive the following theorem which already shows the
®@—invariance of Definition 13.2.

Theorem 13.5. Under the notations of Definition 13.2,
(1) [ is upper g-seminormal if and only if (S® o f)® C(gto R®)®,
(2) f is lower g—seminormal if and only if (gflo R®)® C (S®o fe.

Remark 13.6. Hence, by using [?, Definition 4.1], we can already see that

(1) the function f is upper g-seminormal if and only if the relation pair
(f, g_l) is upper ®-semicontinuous,

(2) the function f is lower g—seminormal if and only if the relation pair
(f7% g) is lower ®-semicontinuous.

This shows that, in accordance with [?], upper and lower Galois connections
(i.e., upper and lower seminormal functions) are very particular cases of upper and
lower semicontinuous pairs of relations, respectively.
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14. SEMIREGULAR FUNCTIONS

In [?], slightly extending the ideas of Pataki [?]and the present author [?], we
have also introduced the following definition in a somewhat different form.

Definition 14.1. Let X and Y be gosets. Moreover, let f be a function of X to
Y, and ¢ be a function of X to itself.

Then, we say that :

(1) fisupper p—semiregularif f(u) < f(v) implies u < p(v) forall u, v € X,

(2) fislower p—semiregular if u < p(v) implies f(u) < f(v) forall u, v € X.

Now, by writing R and S in place of the inequality relations in X and Y,
respectively, we can see that f is upper -semiregular if and only if f(u)S f(v)
implies u Rp(v) for all u, v € X.

This shows an obvious way to a straightforward generalization of Definition 14.1
to relator spaces.
Definition 14.2. Let (X, Y)(R) and Z(S) be relator spaces. Moreover, let f
be a function of X to Z, and ¢ be a function of X to Y.

Then, we say that :

(1) f is upper p—semiregular if for each S € § there exists R € R such that
f(u)S f(v) implies uRp(v) for all u, v e X,

(2) f is lower @—semiregular if for each R € R there exists S € S such that
uR@(v) implies f(u)S f(v) for all u, v € X.

Now, by noticing the pairwise equivalence of the implications

fw)S f(v) = uRep(v),
f) €S(fw) = () € R(w),
vef T [S(fw)] = vee [R)],
ve(floSof)(u) = ve (o 'oR)(u),

and the inclusion (f 1o So f)(u) C (¢ 'o R)(u), we can easily get following
concise reformulation of Definition 14.2.

Theorem 14.3. Under the notations of Definition 14.2,

(1) f is upper p-semiregular if and only if for each S € S there exists R € R
such that floSofC e loR,

(2) [ islower p—semiregular if and only if for each R € R there exists S € S
such that ¢ loRC f~toSof.

Now, by using the composition of relators, and the operation ® defined in
Remark 8.2, we can easily establish the following concise reformulation of Theorem
14.3.

Theorem 14.4. Under the notations of Definition 1.2,
(1) f is upper o—semiregular if and only if floSof C (@_1073)@,
(2) f is lower p-semiregular if and only if ¢ 1oR C (f’loS of)®.

Hence, by using that & is also a composition compatible closure operation for
relators, we can immediately derive the following theorem which already shows the
@®@—invariance of Definition 14.2.
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Theorem 14.5. Under the notations of Definition 14.2,
(1) [ is upper o—semiregular if and only if (f~'oS® Of)® C (¢ to R®)®,
(2) f is lower p-semiregular if and only if (cp’loR(’B)@ C(fto8%0f)®.

Remark 14.6. Hence, by using [?, Definition 10.1], and an plausible supplement
of it, we can also see that

(1) f is upper ¢-semiregular if and only if it is mildly ®-continuous with
respect to the relators ¢ "'o R® and S,

(2) f islower p—semiregular if and only if it is mildly ®—contracontinuous with
respect to the relators ¢ 1o R® and S.

Note that now we have (g0*10 R)® = (goflo R®)®. Therefore, in the above
assertions, we could also write ¢ ~'o R in place of ¢ "lo R®.

Remark 14.7. The above remark shows that, in accordance with [?], upper and
lower Pataki connections (i.e., upper and lower semiregular functions) are very
particular cases of mildly and contra mildly continuous relations, respectively.

Unfortunately, in [?] we have not recognized the importance of the operation
@® . Moreover, in [?], we have used a reverse terminology. This also shows that the
right definitions can usually be found only in the context of relator spaces.

Remark 14.8. For instance, the most natural definitions of Cauchy , completeness,
compactness, well-chainedness, and connectedness properties have been given in [?]
and [?]. (The results of [?] have to be also generalized and supplemented.)

It has turned out that ”convergent” and ” Cauchy” are actually equivalent. More-
over, "compact” and ”connected” are particular cases of ”precompact” and ”well-
chained”, respectively. And, ”well-chainedness” is a particular case of ”simplicity”.

15. SEMINORMAL RELATORS

Now, by Theorem 13.5, we may naturally introduce the following general defi-
nition which actually makes seminormalities to be equivalent to semicontinuities.

Definition 15.1. Let (X, Y )(R) and (Z, W)(S) be relator spaces. Moreover,
let F be arelator on X to Z and G be a relator on W to Y. Furthermore, assume
that O is a direct unary operation for relators.

Then, we shall say that :
_ O
(1) F is upper O-G-seminormal if (SD ofD)D - ((QD) o RD> ,

O
(2) F is lower O-G-seminormal if ((QD)_loRD) C (SDO}'D)D.

Remark 15.2. Now, F may be naturally called (O-G-normal if it is both upper
and lower [J-G-seminormal. Moreover, for instance F may be naturally called
O-normal if it is O-G-normal for some relator G on W to Y.

Thus, in accordance with our former terminology, F may, for instance, be
naturally called properly, uniformly, proximally, topologically, and paratopologically
normal if it is C-normal with 0= A %, #, A, and A, respectively.

From Definition 15.1, by using Theorems 6.3 and 11.3, we can immediately derive
the following two theorems.
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Theorem 15.3. In in particular [ is a closure operation, then
_ O
(1) F is upper O-G-seminormal <= SPoFU C ((QD) 1ORD) ,
(2) F is lower O-G-seminormal <= (QD)_loRD C (8HorFH )D,

Theorem 15.4. In in particular [ is an inversion and composition compatible
operation, then

(1) F is upper O-G-seminormal < (So}_)D C (g_loR)D,
(2) F is lower O-G-seminormal <= (gfloR)D C (50.77)['.
Hence, it is clear that in particular we also have

Corollary 15.5. In in particular [0 is an inversion and composition compatible
closure operation, then

(1) F is upper O-G-seminormal <= SoF C (gflo T\’,)D,

(2) F is lower O-G-seminormal <= G loR C (S oj’:)D.
Remark 15.6. In addition to the above results, it is also worth noticing that if in
particular [J is an increasing involution operation, then

(1) F is upper [-G-seminormal «= SHoFU c (QD ) o RY,

(2) F is lower (0-G-seminormal <= (QD ) “loRrO c 806 FO,

Now, as a straightforward extension of the corresponding results of Section 13,

we can also easily prove the following

Theorem 15.7. Under the notations of Definition 15.1, the following assertions
are equivalent :
(1) F is upper ®-G-seminormal,

(2) forany S € S and F € F there exist G € G and R € R such that
SoFCG1loR,

(8) forany S € S and F € F there exist G € G and R € R such that
F(z)NS~Y(w) # 0 implies G(w) N R(z) # 0 for all x € X and w € W.

Proof. To prove the implications (1) = (2) = (3), not that if (1) holds, then by
Remarks 8.2, 10.9 and 12.6, and Corollary 15.5, we have

SoF C (Q_loR)®.

Thus, by the corresponding definitions, for any S € § and F € F there exist
G € G and R € R such that

SoF CG 'oR.
Hence, we can infer that
(SoF)(z)C (G 'oR)(x), and thus S[F(z)]c G [R(z)]
for all z € X. Therefore,
weS[F(z)] = weG '[R(x)],

and thus
STHw)NF(z)#0 = Gw)NR(z)#0
forall x € X and we W.
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From this theorem, it is clear that in particular we also have

Corollary 15.8. If in particular each member of the families F and G is a func-
tion, then the following assertions are equivalent :

(1) F is upper ®-G-seminormal,

(2) forany S €S and f € F there exist g € G and R € R such that f(x)Sw
implies x Rg(w) for all x € X and we W.

Now, analogously to Theorem 15.7, we can also prove the following

Theorem 15.9. Under the notations of Definition 15.1, the following assertions
are equivalent :

(1) F is lower ®-G-seminormal,

(2) forany G € G and R € R there exist S € S and F € F such that
G loRCSoF,

(3) for any G € G and R € R there exist S € § and F € F such that
Gw)N R(z) # 0 implies F(x) NS~ (w)#0 forall x € X and we W.

Hence, it is clear that in particular we also have

Corollary 15.10. If in particular each member of the families F and G is a
function function, then the following assertions are equivalent :

(1) F is lower ®-G-seminormal,

(2) forany g €G and R € R there exist S €S and f € F such that x R g(w)
implies f(x)Sw for all x € X and w e W.

16. SEMIREGULAR RELATORS

Now, by Theorem 14.5, we may naturally introduce the following general defi-
nition which brings semiregulaties quite close to mild continuities.

Definition 16.1. Let (X, Y)(R) and Z(S) be relator spaces. Moreover, let F
be a relator on X to Z and ® be a relator on X to Y. Furthermore, assume that
O is a direct unary operation for relators.

Then, we shall say that :
O O
(1) F is upper O-®-semiregular if ((fD)floSDofD) - ((@D)floRD) ,

. 0 . O
(2) F is lower O-®-semiregular if ((@D) oRD) c ((FD) oSDo]—'E’) i

Remark 16.2. Now, F may be naturally called [0-®-regular if it is both upper
and lower [J-®-semiregular. Moreover, for instance F may be naturally called
O-regular if it is O—®-regular for some relator ® on X to Y.

Thus, in accordance with our usual terminology, F may, for instance, be
naturally called properly, uniformly, proximally, topologically, and paratopologically
regular if it is O-regular with 0= A %, #, A, and A, respectively.

From Definition 16.1, by using Theorems 6.3 and 11.3 and Corollary 11.5, we
can immediately derive the following two theorems.

Theorem 16.3. In in particular O is a closure operation, then

O
(1) F is upper O-®—semireqular <= (fD)iloSDOTDC ((@D)iloRD) ,
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O
(2) F islower O-®-semireqular <> (@D)_loRD C ((_7:5)—10850}—5) .

Theorem 16.4. In in particular [ is an inversion and composition compatible
operation, then

(1) F is upper O-®-semireqular <= (.7771050.77)|:| C (@710 R)D,
(2) F is lower O-®-semireqular <= (<I>_1OR)D C (.7:_1080.7:)‘:'.
Hence, it is clear that in particular we also have

Corollary 16.5. In in particular [ is an inversion and composition compatible
closure operation, then

(1) F is upper O-®-semireqular <= F loSoF C (QfloR)D,
(2) F is lower O-®-semireqular <= ® 1oR C (f_IOSOf)D.

Remark 16.6. In addition to the above results, it is also worth noticing that if in
particular [J is an increasing involution operation, then

(1) F is upper (-®-semiregular <= (.7-'5)710 SHoFH c (oF )710 RY,
(2) F islower -®-semiregular <= (@D)flo RY C (}'D)ilo SHoFb.

Now, as a straightforward extension of the corresponding results of Section 14,
we can also easily prove the following

Theorem 16.7. Under the notations of Definition 16.1, the following assertions
are equivalent :

(1) F is upper ®-P—-semiregular,

(2) for any Fy, Fo € F and S € S there exist ¢ € ® and R € R such that
F2_1oSoF1 Co loR,

(8) forany Fi,Fo € F and S € S there exist ¢ € ® and R € R such that
Fy(v) NS [Fi(u)] # 0 implies ¢p(v) N R(u) # 0 for all u,ve X.

Proof. To prove the implications (1) = (2) = (3), not that if (1) holds, then by
Remarks 8.2, 10.9 and 12.6, and Corollary 16.5 we have

FloSoFc (& oR)”

Thus, by the corresponding definitions, for any Fy, Fo € F and S € S there exist
¢ € ® and R € R such that

Fy'oSoF, Cc ¢ 'oR.

Hence, we can infer that
(Fy'oSoF ) (u)C (¢ 'oR)(u), andthus F, ' [S[Fi(u)]] Coé ' [R(u)]
for all u € X. Therefore,

veF, [S[FR)]] = ve¢ ' [R)]
and thus

Fy(v)NnS [Fl(u)] #0 = o(v)NR(u)#0
for all uw,ve X.

From this theorem, it is clear that in particular we also have
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Corollary 16.8. If in particular each member of the families F and ® is a
function, then the following assertions are equivalent :

(1) F is upper &-P—semiregular,
(2) for any fi1, fo € F and S € S there exist ¢ € & and R € R such that
f1(w) S fa(v) implies uR@(v) for all u, v e X.

Now, analogously to Theorem 16.7, we can also prove the following

Theorem 16.9. Under the notations of Definition 16.1, the following assertions
are equivalent :

(1) F is lower ®-D—semiregular,

(2) for any ¢ € ® and R € R there exist F1,Fy € F and S € S such that
¢p"'oRC F,'SoF,

(3) for any ¢ € ® and R € R there exist F1,Fy € F and S € S such that
P(v) N R(x) # 0 implies Fo(v) NS [Fi(u)] #0 for all u,ve X.

Hence, it is clear that in particular we also have

Corollary 16.10. If in particular each member of the families F and G is a
function function, then the following assertions are equivalent :

(1) F is lower ®-D-semiregular,
(2) for any ¢ € ® and R € R there exist f1,fo € F and S € S such that
x Ro(v) implies f1(v) S f2(v) for all u, v e X.

17. ®-SEMINORMALITIES AND ®—-SEMIREGULARITIES WITH RESPECT TO
COMPLEMENT RELATORS

By using Theorem 15.7, we can also easily prove the following
Theorem 17.1. Under the notations of Definition 15.1, the following assertions

are equivalent :

(1) F is upper ®-G-seminormal with respect to the relators R¢ and S°¢,

(2) forany S € S and F € F there exist G € G and R € R such that
G(w) C R(z) implies F(x) C S~ (w) for all x € X and w € W.

Proof. To prove the implication (1) = (2), note that if (1) holds, then by Theorem
15.7 for any S € S and F € F there exist G € G and R € R such that, for any
reX and we W,

F(z)n (SC)_1

(w)#0 = Gw)NR(z)#0,
and thus

)
Hence, by using that R¢(z) = R(x)¢ and (SC)_I(w) = (S™H)(w) = S71(w)°,
we can infer that

and thus
G(w) C R(z) = F(z)c S (w).
Therefore, (2) also holds.

By using Theorem 15.9, we can quite similarly prove the following
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Theorem 17.2. Under the notations of Definition 15.1, the following assertions
are equivalent :

(1) F is lower ®-G-seminormal with respect to the relators R¢ and S¢,
(2) for any G € G and R € R there exist S € S and F € F such that
F(z) ¢ S~Y(w) implies G(w) C R(x) .

By using Theorem 16.7, we can only prove the following

Theorem 17.3. If in addition the notations of Definition 16.1 we assume that
each member of F is a function, then the following assertions are equivalent :

(1) F is upper ®-P—semiregular with respect to the relators R¢ and S°¢,
(2) forany Fi, Fy € F and S € S there exist ¢ € ® and R € R such that
¢(v) C R(u) implies fo(v) € S(f1(u)) for all u,ve X.

Proof. To prove the implication (1) = (2), note that if (1) holds, then by Theorem
16.7 for any f1, fo € F and S € S there exist ¢ € ® and R € R such that, for
any u, v € X,
f2(v) € 8°(fi(w)) #0 = ¢(v) N R(u) #0,

and thus

p(W)NR(u) =0 = fo(v) ¢ S°(fi(u)).
Hence, by using that R¢(z) = R(z)® and S¢( f1(u)) = S( fi(u) )c, we can infer
that

S()NRW =0 = fo(v) & S(fi(w))",
and thus

d(v) C R(u) = fo(v) € S(fi(u)).

Therefore, (2) also holds.

By using Theorem 16.9, we can quite similarly prove the following

Theorem 17.4. If in addition the notations of Definition 16.1 we assume that
each member of F is a function, then the following assertions are equivalent :

is lower ®-®-semiregular with respect to the relators an ’,
(1) F isl o iregul ith t to the relators R¢ and S°

(2) forany ¢ € ® and R € R there exist fi,fa € F and S € S such that
f2(v) € S(fi(uw)) implies ¢p(v) C R(u) for all u, v € X.

18. RELATIONSHIPS BETWEEN SEMINORMAL AND SEMIREGULAR RELATORS

The subsequent theorems are straightforward generalization of some fundamental
theorems on Galois and Pataki connections established in [?] and [?].

Theorem 18.1. Let (X, Y)(R) and (Z, W)(S) be relator spaces. Moreover,
let F be a relator on X to Z and G be a relator on W to Y. Furthermore, assume
that O is a direct inversion compatible unary operation for relators.

Then the following assertions are equivalent :
(1) F is lower O-G-seminormal with respect to the relators R and S,
(2) G is upper O-F-seminormal with respect to the relators R=1 and S~1.
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Proof. To prove that (1) implies (2), note that if (1) holds, then by Definition 15.1
we have

((QD)_lo’RD)D . (SDOfD)D.
Hence, by using that
(((gﬂ)lonﬂ)m>l ~(((6%)"o=2)")

=((R9)eg") = ((R1) o g")

O

and

((s9029)7) " = ((s70 7))

we can already infer that
U -
(R7)Tog®) c ((F9) "o (s™)7)
Thus, by Definition 15.1, assertion (2) also holds.

Remark 18.2. From this theorem, we can at once see that now the following
assertions are also equivalent :

(1) F is upper -G—seminormal with respect to the relators R and S,
(2) G is lower (J-F-seminormal with respect to the relators R~! and S—!.

However, it is now more important to note that we also have the following

Theorem 18.3. Let (X,Y)(R) and Z(S) be relator spaces. Moreover, let F
be a relator on X to Z and G be a relator on Z to Y.

Furthermore, assume that O is a direct, increasing, inversion and composition
compatible unary operation for relators such that F is upper O-G-seminormal.

Then, under the notation ® = Go F , the relator F is upper O-®—semireqular.
Proof. Now, by Theorem 15.4, we have
(SoF)  c(g7eRr)".
Hence, by using the definition of the composition of relators, we can infer that
Flo (S o]':)‘:I C F o (G to ’R)D.
Hence, by using the increasingness of [, we can infer that
(7t (So]—')D>D c (7% (gfloR)D)D
Hence, by using the left composition compatibility of [, we can infer that
(FoSoF)  c(FlogteRr)".
Hence, by using that F o G=! = (Go F) 1 — &1, we can already infer that
(Fo8oF)  c (o oR)".

Thus, by Theorem 16.4, the required assertion is also true.
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Remark 18.4. Beside proving a lower counterpart of this theorem, it is also worth
noticing that if F is lower [J-G-seminormal with respect to the relators R and
S, then by Theorem 18.1 the relator G is upper [0-F—-seminormal with respect
to the relators S—! and R~!. Thus, by Theorem 18.3, the relator G is upper
O0-F o G-semiregular with respect to the relators S—! and R~

However, it is now more important to note that, as a partial converse to Theorem
18.3, we can also prove the following
Theorem 18.5. Let (X,Y)(R) and Z(S) be relator spaces. Moreover, let F
be a relator on X onto Z and ® be a relator on X to Y.

Furthermore, assume that O is a direct, increasing, inversion and composition
compatible unary operation for relators such that F is upper -®-semiregular.
Moreover, assume that F o F 1 ={Az}.

Then, for any relator G on Z to Y with ® = G o F, the relator F is upper
O-G-seminormal.

Proof. Now, by Theorem 16.4 and the equality ® ' = F~'o G~!, we have
(FoSoF) c(doR) = (F oG or)".
Hence, quite similarly as in the proof of Theorem 18.3, we can infer that
Fo (J:_loSOf)D CFo(F loglo R)D,

and hence

(]—'o (F~'o So}')D)D C (fo (Flog'o R)D)D,

and hence - -
(FoF 'oSoF) C(FoF oG 'loR) .
Hence, by using that FoF lold = {Az}olU =U for any relator U on X to
Z , we can already infer that
(SoF) c (6 oR)".
Thus, by Theorem 15.4, the required assertion is also true.

Remark 18.6. To see the limited range of applicability of this theorem, note that
if FoF~1={Az}, then for any Fy, F; € F we have Fjo F2_1 = Ay . That is,

FLIF (o)) = (Fro Fy ') (2) = Ag(2) = {z}

forall z € Z.
Thus, in particular, for each z € Z, we have
z€ F[FyY(2)], and hence  F '(z) N Fy Y (2) #0.

Therefore, each member of F is onto Z.
Moreover, for each z € Z, we have Fy [F, *(z)] C {2z} . Therefore,
z € Fy(x), weF(r) = z=w.
for all z € X. Hence, we can see that Fy(x) = Fi(z) for all x € Dp, N Dp,.
Moreover, by taking F, = F;, we can see that each member of F is a function.

Conversely, we can also easily check that if each member of F is a function
on X onto Z such that fi(z) = fo(x) for all fi, fo € F and = € Dy, N Dy, ,
then FoF~t={Az}.
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