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SET THEORETIC OPERATIONS ON
BOX AND TOTALIZATION RELATIONS

ARPAD S7AZ

ABSTRACT. In this paper, we shall only study the most simple set theoretic opera-
tions on box and totalization relations

Ta,B)y=AXDB and F=FUTLpe vy,

where A C X, B CY and F is a relation on X to Y with domain Dg. The
relation theoretic operations, and several algebraic and topological properties of these
relations, will be studied elsewhere.

This line of investigations is mainly motivated by the fact that the relations

f(A,B): F(A,B) and fA:f(A,A)

play an important role in the uniformization of various topological structures such as
proximities, closures and topologies, for instance. Moreover, the relations F can be
used to prove a useful reduction theorem for the intersection convolution of relations.
The latter operation allows of a natural treatment of the Hahn-Banach type extension
theorems.

1. A FEW BASIC FACTS ON RELATIONS

A subset F of a product set XxY is called a relation on X to Y. If in particular
F'is a relation on X to itself, then we may simply say that F'is a relation on X.
Thus, a relation F on X to Y is also a relation on X UY.

If F is a relation on X to Y, then for any x € X and A C X the sets
F(x)={yeY: (z,y) € F} and F[A] = F(a) are called the images of
x and A under F', respectively.

Moreover, the sets Dp ={z € X : F(z)# 0} and Rrp = F[X] are called
the domain and range of F', respectively. If in particular X = Dp, then we say
that F' is a relation of X to Y, or that F' is a total relation on X to Y. While, if
Y = Rp, then we say that F'is a relation on X onto Y.
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If Fisarelationon X to Y and U C Dp, then the relation F'|U = FN(UXY')
is called the restriction of F' to U. Moreover, if F' and G are relations on X to Y
such that Dp C Dg and F = G| Dp, then G is called an extension of F.

In particular, a relation f on X to Y is called a function if for each x € Dy
there exists y € Y such that f(x) = {y}. In this case, by identifying singletons
with their elements, we may simply write f (x) =y instead of f(z) = {y}.

Concerning relations, we shall only quote here the following basic theorems
from [23].

Theorem 1.1. If F is a relation on X to Y, then

F=|J{z}xF(z)= |J {z}xF(a).

rzeX zEDp

Remark 1.2. By this theorem, a relation F' on X to Y can be naturally defined
by specifying F'(x) for all z € X, or by specifying Dr and F(z) for all x € Dp.

Corollary 1.3. If F and G are relations on X to Y, then the following assertions
are equivalent :

(1) F CG;
(2) F(z)C G(x) forall ze€ X; (3) F(z)C G(x) forall x € Dp.

Corollary 1.4. If F and G are relations on X to Y, then the following assertions
are equivalent :

(1) F=G;
(2) F(z)=G(x) foral zeX;
(3) Dp = Dg and F(x)=G(x) forall x € Dp.

Theorem 1.5. If F is a relation on X to Y, then for any A, B C X we have
(1) F[ANB| C F[A]NF[B]; (2) FIAUB|=F[A]|UF|[B].
Theorem 1.6. If F is a relation on X to Y, then for any A, B C X we have

F[A]\ F[B] c F[A\ B].

Corollary 1.7. If F is a relation on X onto Y, then for any A C X we have

F[A]°C F[A°].

Remark 1.8. If in particular the inverse F~!'={(y,z): (z,y)€F} of Fis
a function, then the equality also holds in Theorems 1.5 and 1.6 and Corollary 1.7.

Theorem 1.9. If F' and G are relations on X to Y, then for any x € X we
have

(1) (FNG)(z)=F(z)NG(z); (2) (FUG)(z)=F(z)UG(x).
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Theorem 1.10. If F and G are relations on X to Y, then for any A C X we
have

(1) (FNG)[A] C F[A]NG[A]; (2) (FUG)[A] = F[A]UG[A].

Remark 1.11. Theorems 1.5, 1.9 and 1.10 can be naturally extended to arbitrary
families of sets and relations.

Theorem 1.12. If F and G are relations on X to Y, then for any x € X and
A C X we have

(1) (F\G)(z) = F(x)\G(z); (2) FIAJ\G[A] C(F\G)[A].

Corollary 1.13. If F is a relation on X to Y, then for any x € X and A C X,
with A # 0, we have

(1) F(x)=F(x); (2) FlA]cC Fe[A].

Theorem 1.14. If F is a relation on X to Y, then for any A C X we have

2. BOX AND TOTALIZATION RELATIONS
Definition 2.1. For any A C X and B C Y, we define

F(A7B):AXB.

Remark 2.2. In particular, we shall also write

Lg =Tia, 4 and La, B) =L{a}, B)

for any a € X.
Concerning box relations, the following theorems have been proved in [23].

Theorem 2.3. If AC X and B CY, then for any * € X we have
B if xe€A,
I x) =
(4.8)(7) { D if z¢A.
Remark 2.4. Thus, in particular if A C X, then for any z € X we have

r B A if zeA,
A(x)_{w if z¢A.
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Theorem 2.5. If AC X and B CY, then for any U C X we have

0 o UcCAS,
DAEH”:{B if U¢ A°.

Remark 2.6. Thus, in particular if A C X, then for any U C X we have

r [U]—{Q) if UcA°,
AT A i U Al

Definition 2.7. For any relation F' on one set X to another Y, we define

F=FU F(D},E,Y)-

Remark 2.8. If Y # (), then the relation F' may be called the natural totalization
of F'. Its usefulness will be cleared up by the forthcoming results.

In particular, for any A, B C X, the totalizations

FA = FA and f(A,B) = F(A,B)

may be called the Davis—Pervin and the Hunsaker—Lindgren relations on X, respec-
tively.
The latter relations play an important role in the generalized uniformization of

various topological structures such as proximities, closures, topologies, and filters,
for instance. (See [2], [14], [21] and [1, pp. 42, 193], [6], [16].)

While, the relations F can be used to prove a useful reduction theorem for the
intersection convolution of relations [22]. The latter operation allows of a natural
treatment of the Hahn-Banach type extension theorems. (See [17] and [5].)

Concerning totalization relations, the following theorems have been proved
in [23].

Theorem 2.9. If F is a relation on X to Y, then for any U C X we have

FH”_{FW]# U C Dp,
|l v if U¢ Dp.

Corollary 2.10. If F' is a relation on X to Y, then for some U C X we have
FIU] =F[U] if and only if either U C Dp or F[U]=Y.

Corollary 2.11. If F' is a relation on X to Y, then for some x € X we have
F(x)=F(x) if and only if either x € Dp or F(z) =Y.

Theorem 2.12. If F is a relation on X to Y, then for any x € X we have

- _ [ F(z) if z€ D,
F“ﬂ_{ Y if z¢Dp.
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Corollary 2.13. If F is a relation on X to Y, then F is an extension of F such
that F = F if and only if F(z)=Y for all x € DS.

Corollary 2.14. If F is a relation on X to Y and Y # 0, then F = F if and
only if F' 1is total.

Theorem 2.15. If AC X and BCY, then

f _{ F(X,Y) Zf B:@,
A,B) — .
( ) F(A’B)UF(Ac,y) ’Lf B#@

Remark 2.16. Thus, in particular if A is a nonvoid subset of X, then
T4 =TaUT 4c x)-

Moreover, we can at once see that the latter equality is also true for A =0.

Theorem 2.17. If AC X and B CY such that B # 0, then for any U C X,
with U # 0, we have

- B i UCA,
F(A’B)[U]:{Y if U¢A.

Remark 2.18. Thus, in particular if A and U are nonvoid subsets of X, then

A if UCA,

LalU] :{X if UgA.

Moreover, we can easily see that the latter equality is also true for A = 0.

Corollary 2.19. If AC X and B CY such that B # (), then for any z € X

we have
B if xeA,

Fa, ) (7) = { Y if xdA.

Remark 2.20. Thus, in particular if A is a nonvoid subset of X and = € X,

then
f‘()— A if xzeA,
ATTUX i z¢A.

Moreover, we can easily see that the latter equality is also true for A = 0.

Remark 2.21. Note that if A C X and () is considered as a subset of Y, then
by Theorems 2.15 and 2.3 we have T4 g)(z) = I\x,y)(z) =Y forall z € X.
Therefore, the assumption B # () is indispensable in Corollary 2.19 and Theorem
2.17.
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3. INTERSECTIONS AND UNIONS OF BOX RELATIONS AND THEIR TOTALIZATIONS

Theorem 3.1. If A, C C X and B, D CY, then

Tia,pyNTc,py=Tanc, BnD)-

Proof. By the corresponding definitions, for any z € X and y € Y, we have

(z,y)€eTa,pNTic,py <= (z,y) € (AxB)N(CxD)
<— (z,y) € AxB, (r,y)€eCxD < xz€A, yeB, z€C, yeD
< ze€ANC, ye BND < (z,y) € (ANC)x(BND)

< (7,9) € ltanc, BnD)-

Therefore, the required equality is true.

Remark 3.2. Thus, in particular if A, B C X, then
I'anNnI's =Tanps.

Concerning unions, we can only prove a less convenient theorem.

Theorem 3.3. If A,C C X and B, D CY, then
(1) Tia,ByUT(a,p)y=T(a, BuD);
(2) Ta,;yUTl(c,By=T(auvc, B) -

Proof. By the corresponding definitions, for any z € X and y € Y, we have

(z,y)€ela,pyUTla,p) <= (7,y) € (AXB)U(AXD) <=
(x,y) € AxB or (x,y)€eCxD <= (z€A, yeB) or (z€A, yeD)
< rz€A, (yeB or yeD) < z€A, ye BUD

— (r,y) € Ax(BUD) <= (z,y) €4, Bup)-

Therefore, equality (1) is true. The proof of (2) is quite similar.
Theorem 3.4. If A,C C X and B, D CY such that D # (), then

Lia, By N f(C,D) =Tanc, Brnp)yULa\c, B)-
Proof. By Theorems 2.15 and 3.1, we have

Ta, 8y N Lo, by = T4, 3y N (Tie, by UT1ce, v))
= (Ta,5NLe.py) U(La 5y NLce,vy) =Tianc, Bnpy YTl ance, By -

Thus, since ANC®= A\ C, the required equality is also true.
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Remark 3.5. Thus, in particular if A, B C X such that B # (), then

TaNTs =Tunp UL a\B, a)-
Moreover, we can easily see that the latter equality is also true for B = ).

Theorem 3.6. If A,C C X and B, D CY such that B#0 and D # 0, then

f(A,B) N f(c,D) =Tanc, Bnp) YU Tac, ByUYTLc\a, ) U Lauvc)e, v -

Proof. By using Theorems 2.15 and 3.4, we can see that

Tia, 5N Tc,py = (Ta, ) Y Tae,vy) N Tie, by
= (Ta, 3 N Tic, py) U (Tiae, vy N Tic, py)
= lanc, Bnp) YU Ta\c, ByU Lacne, pyUTiaac, vy -

Hence, since A°NC =C\ A and A°\C = A°NC°=(AUC)® the required
equality is also true.

Remark 3.7. Thus, in particular if A and B are nonvoid subsets of X, then
TaNTs =Tunp UL 4B, 4) UL ma, B)UT(auB)e, x) -

Moreover, we can easily see that this equality is also true even if either A = ) or
B=190.

Remark 3.8. Note that if F' is a relation on X to Y, and moreover C' C X and
() is considered as a subset of Y, then by Theorem 2.15 we have

FNLcp=FNIixy =FN(XxY)=F.

Therefore, the nonvoidness conditions are indispensable in Theorems 3.4 and 3.6.

Theorem 3.9. If ACX and B, D CY, then
(1) Tia,pyUTia,py=Ta pupy i D#0;
(2) f(A,B)Uf(A,D):f(A,BUD) Zf B#@ and D;’é@
Proof. If D # ), then by Theorems 2.15 and 3.3, we have
Tea,5yYUTa,p) =Tia, 3y UT(a, py UT(ac vy = T(a, Bup) UT(ac,v) = T4, Bup) -

While, if B# 0 and D # (), then by the above mentioned theorems we have

f(A,B) U f(A,D) = F(A,B) U F(AC’Y) U F(A,D) U F(AQY)
=Ta,ByUTla, pyUTac, vy Ulae vy =Ta, Bup)ULace, v) = f(A,BuD) :
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Theorem 3.10. If A,C C X and BCY such that B+# 0, then

(1) Tia.ByUTLc. By =Tauc, ByUTce y)-

(2) Ta,ByYULic, B =Taue, By Y Lance, v) -
Proof. By Theorems 2.15 and 3.3, we have

Lea, 5y YUTc,5) =T, 5 UTc, By ULce,v) = Laue, ByULcey)-

Moreover, by the above mentioned theorems, we also have

Tia yUTc By =Tia B)UTac vy U Lo, By UL ce vy

=T, By UTLc, By UTac, vy ULce vy = Taue, By UL ceuac, v) -

Hence, since C°U A° = (AN B¢, equality (2) is also true.

Remark 3.11. Note that if F' is a relation on X to Y, and moreover C' C X
and () is considered as a subset of Y, then by Theorem 2.15 we have

FUTLc 9 =FUlxy)y=FU(XXY)=XxY =T(x vy.

Therefore, the nonvoidness conditions are indispensable in Theorems 3.9 and 3.10.

4. COMPLEMENTS OF BOX AND TOTALIZATION RELATIONS

Theorem 4.1. If AC X and BCY, then
[, 5y = Fiae, ) UT(x, 5oy

Proof. By the corresponding definitions, for any x € X and y € Y, we have

(2,9) €T m < (@.9) ¢l < (@,y) ¢ AxB
< x¢A or y¢ B < (z,y)€ A°xY or (z,y) € X x B
<~ (ill', y) € F(Ac,y) or (.CI?, y) € F(X,BC) <~ (:L', y) € F(AC,Y)UF(X,BC)-
Therefore, the required equality is true.

Remark 4.2. Thus, in particular if A C X, then
FX = F(AC,X) U F(X,AC)-

Corollary 4.3. If AC X and B CY, then for any U C X, with U # 0, we
have

Be if UCA,

F&’B)[U]:{Y if Ug¢A.

Proof. By Theorems 4.1, 1.10 and 2.5, we have

L&, ;U] = (T(x,Bey Ul (ac,v) ) [U]
=T [U]uT [U] = B° U 0 i Uca,
— T (XBY (s izl Y if Ug¢A.

Therefore, the required equality is also true
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Remark 4.4. Thus, in particular if A C X, then for any U C X, with U # 0,
we have

FC[U]—{AC if UcA,
AT X if U¢A.

Corollary 4.5. If AC X and B CY, then for any x € X we have

B¢ if xeA,

L m(@) = { Y if z¢A.

Remark 4.6. Thus, in particular if A C X, then for any = € X we have

Ac if z €A,

Fj(m):{x if rdA.

In addition to Theorem 4.1, it is also worth proving the following

Theorem 4.7. If AC X and BCY, then
(1) Téa, gy = La, ey Ul ae,v)s
(2) F(CA7B) :F(A,BC)UF(AC,B)UF(AC,BC)'

Proof. By Theorems 4.1 and 3.3, we have
F(%,B) = F(X7Bc) U I‘(Ac7 Y) = F(A,BC) U F(Ac’ Bc) U F(Ac’ Y) .

Hence, since I'(4¢ pey C I'(ae,y), it is clear that (1) is true.

Moreover, by (1) and Theorem 3.3, we can see that

I By = Ta, By UL ae, vy =T(a, By UL ac, By UL ac, Be

also holds.
Remark 4.8. Thus, in particular if A C X, then

Iy = F(A,AC)UF(AC,X) ZFAcUF(A’Ac)UF(Ac’ A) -

Now, as an immediate consequence of Theorems 4.7 and 2.15, we can also state

Theorem 4.9. If AC X and BCY such that B+#Y, then
L, s = 1A, Be-
Remark 4.10. Thus, in particular if A is a proper subset of X, then

FX — f(A7Ac) .
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Remark 4.11. Note that, by the corresponding definitions and Theorem 2.15, we
have
P)%:(X2)C=@ and F(X,XC):P(X,Q)):FX-

Therefore, the assumptions A # X and B # Y are indispensable in Remark 4.10
and Theorem 4.9, respectively.

By using Theorem 4.1, we can also easily prove the following

Theorem 4.12. If F is a relation on X to Y, then

FC:FCQF(DF’y).

Proof. By Definition 2.7, DeMorgan’s law and Theorem 4.1, we have

FC=(FUDpg v)) =F N T v
=F°nN (F(DF, y)UF(X,@)) =F°n F(DF, Y) -

In principle the following theorem can be naturally derived from Theorem 4.12.
However, it can now be more easily proved with the help of Theorem 2.12.

Theorem 4.13. If F is a relation on X to Y, then for any x € X we have

- [(F(x)° i =z¢€Dp,
F(x)_{ ] if x¢ Dp.

Proof. By Corollary 1.13 and Theorem 2.12, we have

- - )¢ if «x
R Pt

Theorem 4.14. If F is a relation on X to Y, then for any U C X we have

FelU] = FElUNDg].

Proof. By Theorems 1.5, 4.13 and Corollary 1.13, we have

Fe[U] =F°[(UNDp)U(U\Dp)]

:FC[UmDF]uFC[U\DF]:< U Fc(x))u( U Fc(a:)>

reUNDg xEU\DF

= | F@= |J F(z)=F°[UnDg].

reUNDg xeUNDp

In principle the following theorem can be naturally derived from Theorem 4.12.
However, it can now be more easily proved with the help of Theorem 4.9.
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Theorem 4.15. If AC X and BCY such that B # (), then
L&y =T, o) -
Proof. From Theorem 4.9, we can can see that
Lia5) =T, 5o

Hence, it is clear that the required equality is also true.

Remark 4.16. Thus, in particular if A is a nonvoid subset of X, then

f‘j = ]_-‘(‘A7 Ac) .
Moreover, we can easily see that the latter equality is also true for A = 0.
Corollary 4.17. Under the conditions of Theorem 4.15, for any U C X, we have

0 if UcCAe°,

F(i"]-f”)[U]:{JBCzf U ¢ Ac.

Proof. By Theorems 4.15 and 2.5, we have

0 if UcCA-,

f\C U :F c U et
(4. U] =T e[V {BC it UgA°.

Remark 4.18. Thus, in particular if A is a nonvoid subset of X, then for any

U C X we have
0 if UcCA°,

T§[U] =
AlU] {Acﬁ U ¢ A°.

Moreover, we can easily see that the latter equality is also true for A = 0.
Corollary 4.19. Under the conditions of Theorem 4.15, for any x € X, we have
- B¢ if xzeA,
re x) =
(4,3 {@ if z¢A.

Remark 4.20. Thus, in particular if A is a nonvoid subset of X, then for any

z € X we have
- {BC if z€A,

Ii(x) =
Al 0 if z¢A.
Moreover, we can easily see that the latter equality is also true for A = 0.
Remark 4.21. Note that if A € X and () is considered as a subset of Y, then
by Theorem 2.15 we have
F(CA,w):F(CX,Y):(XXY) :®7

and hence f(il g (z) =0 for all z € X. Therefore, the assumption B # 0 is
indispensable in Corollaries 4.19 and 4.17 and Theorem 4.15.
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5. DIFFERENCES OF BOX RELATIONS AND THEIR TOTALIZATIONS

Theorem 5.1. If A, C C X and B, D CY, then
(1) Tia,By\Iic,py =T(a, B\p)Y Ta\c, B);
(2) Tia,B)\Itc,p) = Lianc, B\p) YT a\c, B) -
Proof. By using Theorems 4.1 and 3.1, we can see that
La, )\ Lo, p) = Tta, )N Lc,p) =

Tia,3) N (Ox, pey UT(ce,v)) = (Ta, 3y N Tix, pey) U (Tia, 3y N Tce, v))
= T4, Bnpey Ul ance, By =4, Bnp)U T a\c, B)-

Moreover, by using Theorem 3.3, we can see that

Lca, B\p) = L(anc)ua\o), B\D) = Ltanc, B\p) Y T(a\c, B\D)-
Hence, by using that T s\c, B\p) C I'(a\c, B), We can already see that
Lia, By \Tic,p) = 4, B\p) U lavc, )
=TLianc, B\p)YU L a\c, B\p)U La\c, B) = Lianc, B\p) U ' a\c, B)
is also true.
Remark 5.2. Thus, in particular if A, B C X, then
Fa\Ts =T(a, a\B)U L a\B, 4) =T(ans, a\B)U [(a\B, 4a)
Theorem 5.3. If A,C C X and B, D CY such that B # 0, then
Ta, )\ Tic,p) =T(anc, B\p) YU Tave, By UT (4, pey U T(avoe, v) -
Proof. By Theorems 2.15 and 5.1, we have

La, 5\ Tie, by = (T, B U Tae,v)) \ Te, )
= (L, 3\ Ie,p)) U (Fae, vy \ e, py)
=Lanc, B\pyUY T'avc, ByU T (acne, pey U Tae\c,y) -
Thus, since A°NC =C\ A and A°\C = A°NC° = (AUC(C)° the required
equality is also true.

Remark 5.4. Thus, in particular if A, B C X such that A # (), then

Ta\Ts =Tianp, 2\5) U Las, 4)UTma, 5e) UL (auB)e, x) -

Moreover, by considering ) as a subset of X and using Remarks 2.16 and 4.8, we

can see that .
)\ Tp = X*\Ip =T§ =I(p, ) UL(Be, x)-

Therefore, since Iy = (), the former equality is true even if A =10.
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Remark 5.5. On the other hand, if A,C Cc X and D CY, and ( is considered
as a subset Y, then by using Theorems 2.15 and 4.7, we can see that

Lia,00\ Tie, 0y = (XxY)\Tie,py = T, py = T, pey U T(ce, vy -

Therefore, the assumption B # () is indispensable in Theorem 5.3.

Theorem 5.6. If A,C C X and B, D CY such that D # (), then
T4, 5 \Lic, py = T(anc, B\D) -
Proof. By Theorems 4.15 and 3.1, we have

La, 8 \ Lo, p) = Ta, ) N Tz, py = Ta, 8y NT(e, pe) = Dlano, Brpe) -

Thus, since BN D¢ = B\ D, the required equality is also true.
Remark 5.7. Thus, in particular if A, B C X such that B # (), then

Ta\Ip =T\ anB, A\5)-

Moreover, by using Remark 2.16, we can easily see that the latter equality is true
even if B=10.

Theorem 5.8. If A,C C X and B, D CY such that B#0 and D # 0, then
Tia, 5\ Lic, 0y = Tanc, B\p) ULc\a, Do)

Proof. By Theorems 4.15 and 3.4, we have
La.5)\Tc.p) = T4, 5) N e, p) = Tia, 5) N Tic, pe) =
=Tic. poyNTia. By =T(cna, pensy UTc\a, Doy -
Thus, since D°N B = B\ D, the required equality is also true.
Remark 5.9. Thus, in particular if A and B are nonvoid subsets of X, then
Ta\Ts = Tunp, 28)UlB\4, Be)-

Moreover, by using Remarks 2.16 and 4.16, we can easily see that the latter equality
is true even if either A=0 or B=1.

Remark 5.10. Note that if F' is a relation on X to Y, and moreover C' C X
and () is considered as a subset of Y, then by Theorem 2.15, we have

F\Tic.py=F\Tix yvy=F\ XxY =0.

Therefore, the nonvoidness conditions are indispensable in Theorems 5.6 and 5.8.
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6. A FEW BASIC FACTS ON RELATORS

A family R on relations on one set X to another Y is called a relator on X to
Y. Moreover, the ordered pair (X,Y)(R) = ((X,Y),R) is called a relator
space. For the origins of this notion, see [15] and the references therein.

If in particular R is a relator on X to itself, then we may simply say that R is

a relator on X . Moreover, by identifying singletons with their elements, we may
naturally write X (R) in place of (X, X )(R).
Quite similarly, if R is a relation on X to Y, then we may simply write

(X,Y)(R) in place of (X,Y )({R}). More generally, the same convention can
also be applied when § is a function of relators on X to Y.

Relator spaces of the simpler type X (R) and X (R) are substantial genera-
lizations of ordered sets and uniform spaces [3]. However, they are insufficient
to include the theory of context spaces [4], and to naturally express continuity
properties of relations [18].

If R is arelator on X to Y, then for any A C X and B C Y, we write:
(1) Aecntg(B) if R[A] C B forsome REeTR;
(2) Aelbgr(B) if BC R°[A]® forsome ReR.

To see the appropriateness of the latter apparently very strange definition, recall
that, by the corresponding definition and Theorem 1.14, we have

R[A]= |J R(a) and R°[A]°= () R(a).

a€A a€A

Thus, in particular B C R°[A]¢ if and only if B C R (a) for all a € A. That is,
be R(a), i.e., aRb for all a € A and b € B. Therefore, A is a lower bound of
B with respect to R.

In this respect, it is also worth noticing that B C R°[A]° if and only if
R¢[A] C B°¢. Therefore,

Lbr(B)=Intg(B°) and Intg(B)=Lbgr:(B°),

where R® = {R°: R € R}. Thus, in contrast to a common belief, the basic
topological and order theoretic notions can be expressed in terms of each other.
This fact, and the use of the notation Lb, was first put forward in [19].

Now, if R is a relator on X to Y, then for any a € X and B C Y, we may
simply write :

(3) acintg(B) if {a}€eIntg(B); (4) aclbgr(B) if {a} € Lbr(B);
(5) Be&r if intr(B)#£0; 6) Befr if Ibr(B)#£0.

Moreover, if in particular R is a relator on X, then for any A C X we may also
write :

(7) Aerr if Aeclntg(A4); (8) AeTr if ACintr(A);
(9) Aclp if AGLbR(A); (10) Ae Ly if ACle(A)



BOX AND TOTALIZATION RELATIONS 15

The relations Intz and intg are called the proximal and topological interiors
on Y to X induced by R, respectively. While, the members of the families 75 ,
Tr, and Er are called the proximally open, topologically open and fat subsets of
X (R), respectively.

The use of notation Int instead of € was first suggested in [15 |. While, the
fact that the fat sets are usually more important tools than the open ones was first
stressed in [16], and at the Seventh Topological Symposium in Prague in 1991.

Now, by Remark 2.2 and Definition 2.1, we may naturally introduce the following
generated relators.
Definition 6.1. For any family A C P(X), we define
Ra= { I'y: Ac A} .

Moreover, for any relations f and § on P(Y) to X and P(X), respectively, we
define

Rf:{r(a,B): aGf(B)} and Rg:{F(A’B)Z AGS(B)}
Remark 6.2. Note that if in particular § 4 is the identity function of A, then
Ra=Rgz,-

While, if in particular §j(B) = {{a} : a € f(B)} forall B C Y, then
Ri=TRg; -
Moreover, by Definition 2.7, we may also also naturally introduce the following
totalization relator.
Definition 6.3. For any relator R on X to Y, we define
R={R: ReR}.

Remark 6.4. Thus, for any family A of subsets of X and relation § on X,
the totalizations R4 and R may be called the Davis-Pervin and the Hunsakerf
Lindgren relators on X generated by A and §.

However, in the sequel we shall only interested in some characteristic properties
of the induced order theoretic basic tools. For this, it will be enough to investigate
only the generated relators Rz, Ry and R 4 considered in Definition 6.1.

7. SOME APPLICATIONS TO RELATOR SPACES

In addition to our former results on the complements of box relations, we shall
also need the following auxiliary theorem and its consequences.

Theorem 7.1. If AC X and B CY, then for any U C X and V C Y, with
U#( and V #Y, the following assertions are equivalent :

(1) F&’B)[U] cV; (2) UCA and V°CB.

Proof. By Corollary 4.3, we have
e U] = Be if UCA,
@B "y if Ug¢A.

Hence, since V # Y, we can already see that (1) is equivalent to the requirements
that U C A and B¢ C V, i.e., V¢ C B. Therefore, (1) and (2) are also equivalent.
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Remark 7.2. Thus, in particular if A C X, then for any U, V C X, with U # ()
and V # X, we have I'§ [U] C V ifand only if UUV® C A.

Corollary 7.3. If AC X and B CY, then for any w € X and V C Y, with
V #Y, the following assertions are equivalent :

(1) T py(u)CV; (2) weA and V°C B.

Remark 7.4. Thus, in particular if A C X, then for any v € X and V C X,
with V' # X, we have I'{(u) C V if and only if u€ A and V¢ C A.

Corollary 7.5. If a € X and B C Y, then for any uw € X and V C Y, with
V #Y, the following assertions are equivalent :

(1) F(Ca’B)(u)CV; (2) w=a and V°C B.

Now, by using the corresponding definitions and Theorem 7.1, we can also easily
prove the following

Theorem 7.6. If Lb is a relation on P(Y) to P(X), then for any U C X and
VY, with U#0 and V #0, the following assertions are equivalent :

(1) U ELbRLb(V);'
(2) Ae€Lb(B) for some ACX and BCY with UC A and V C B.

Proof. By the corresponding definitions, we have (1) if and only if there exist
A C X and B C Y, with A € Lb(B), such that V C [, p [U]° i.e,
L& B) (U] € V¢ Moreover, by Theorem 7.1, the latter inclusion is equivalent

to the requirements that U C A and V C B. Therefore, (1) and (2) are also
equivalent.

In principle, the following theorem can be derived from Theorem 7.6 by using
Remark 6.2. However, it can be more easily proved with the help of Corollary 7.5.

Theorem 7.7. If 1b is a relation on P(Y) to X, then for any u € X and
VY, with V #0, the following assertions are equivalent :

(1) uelbgr, (V);
(2) welb(B) for some BCY with V CB.

Proof. By the corresponding definition, we have (1) if and only if {u} € Lbg,, (V).
This means that there exist a € X and B C Y, with a € Ib(B), such that
V LG pl{ut]® e, I p)(u) C V. Moreover, by Corollary 7.5, the latter
inclusion is equivalent to the requirements that u =a and V C B. Therefore, (1)
and (2) are also equivalent.

Remark 7.8. Now, by establishing the basic properties of the relations Lbz and
Ibr for a relator R on X to Y, we can give some necessary and sufficient con-
ditions on the relations Lb and 1b on P(Y) to P(X) and X, respectively, in
order that the equalities Lb = Lbg,, and 1lb =1bg, could be true.

Moreover, for a relator R on X to Y, we can investigate the validity the
equalities Lbg = Lbg,, —and lbg = intg,, .. And, for a relator R on X to
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Y, we may look for the largest relator S on X to Y such that the equality
Lbr = Lbg, resp. lbg =1bg could be true.

In addition to Theorems 7.6 and 7.7, we can also easily prove the following three
closely related theorems.

Theorem 7.9. If | C P (X), then for any nonvoid subset U of X the following
assertions are equivalent :

(1) U€lg,; (2) UCA for some A€l.

Proof. By the corresponding definition, we have (1) if and only if U € Lbg,(U).
This means that there exists A € [ such that U C T'§[U]°, i.e.,, I'§[U] C U°.
Moreover, by Remark 7.2, the latter inclusion is equivalent to the requirement that
U C A. Therefore, (1) and (2) are also equivalent.

Theorem 7.10. If L C P(X), then for any nonvoid subset U of X the following
assertions are equivalent :

(1) U€eLr,; (2) UCA for some A€ L.

Proof. By the corresponding definition, we have (1) if and only if U C lbg,.(U).
That is, for each u € U, we have u € lbg,.(U), i.e., {u} € Lbg,.(U). This
means that there exists A, € £ such that U C I'§ ({u})®, i.e.,, I'f(u) C U
Moreover, by Remark 7.4, the latter inclusion is equivalent to the requirement that
u€ A, and U C A, . Hence, it is clear that (1) and (2) are also equivalent.

Theorem 7.11. If £ C P (X), then for any nonvoid subset U of X the following
assertions are equivalent :

(1) Ue€Lr,; (2) UCA for some A€ L.

Proof. By the corresponding definitions, we have (1) if and only if lbg.(U) # 0.
That is, there exist € X such that z € Ibg,(U). By the proof of Theorem 7.10,
the latter inclusion is equivalent to the requirement that there exists A € £ such
that z € A and U C A. Hence, it is clear that (1) and (2) are also equivalent.

Remark 7.12. Now, by establishing the basic properties of the families [, Lr,
and £ for arelator R on X, we can give some necessary and sufficient conditions
on a family A of subsets of X in order that the equality A =1r,, A= Lg,,
resp. A= £, could be true.

Moreover, for a relator R on X, we can investigate the validity the equalities
lr = lRl , L= ﬁREn and £ = SRzR- And, for a relator R on X, we may

look for%che largest relator S on X such that the equality I =15, Lr = Ls,
resp. £Lr = L£s could be true.
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