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RELATION THEORETIC OPERATIONS ON
BOX AND TOTALIZATION RELATIONS

ARPAD Sziz

ABSTRACT. In this paper, we shall only study the most simple relation theoretic
operations on box and totalization relations

Ta,B)y=AXDB and F=FUTLpe vy,

where A C X, B CY and F is a relation on X to Y with domain Dpg. The
intersection convolutions, and several algebraic and topological properties of these
relations, will be studied elsewhere.

This line of investigations is mainly motivated by the fact that the relations

f(A,B): F(A,B) and fA:f(A,A)

play an important role in the uniformization of various topological structures such as
proximities, closures and topologies, for instance. Moreover, the relations F can be
used to prove a useful reduction theorem for the intersection convolution of relations.
The latter operation allows of a natural treatment of the Hahn-Banach type extension
theorems.

1. SET THEORETIC OPERATIONS ON RELATIONS

A subset F of a product set XxY is called a relation on X to Y. If in particular
F' is a relation on X to itself, then we may simply say that F' is a relation on X.
Thus, a relation F on X to Y is also a relation on X UY.

If F is a relation on X to Y, then for any x € X and A C X the sets
F(z)={yeY: (z,y)€F} and F[A] = F(a) are called the images of
x and A under F, respectively.

Moreover, the sets Dp ={z € X: F(z)# 0} and Rp = F[X] are called
the domain and range of F', respectively. If in particular X = Dp, then we say
that F' is a relation of X to Y, or that F' is a total relation on X to Y. While, if
Y = Rp, then we say that F'is a relation on X onto Y.

If Fisarelationon X to Y and U C Dp, then the relation F'|U = FN(UxXY')

is called the restriction of F' to U. Moreover, if F' and G are relations on X to Y
such that Dp C Dg and F' = G| Dp, then G is called an extension of F.
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In particular, a relation f on X to Y is called a function if for each x € Dy
there exists y € Y such that f(x) = {y}. In this case, by identifying singletons
with their elements, we may simply write f (z) =y instead of f(z) = {y}.

Concerning relations, we shall only quote here the following basic theorems

from [17].
Theorem 1.1. If F is a relation on X to Y, then

F=|J{z}xF(z)= |J {z}xF(x).

rzeX z€DF

Remark 1.2. By this theorem, a relation F' on X to Y can be naturally defined
by specifying F'(z) for all x € X, or by specifying Dp and F(x) for all x € Dp.

Corollary 1.3. If F and G are relations on X to Y, then the following assertions
are equivalent :

(1) FCG;
(2) F(x)C G(x) forall ze€ X; (3) F(x)C G(x) forall x € Dp.

Corollary 1.4. If F and G are relations on X to Y, then the following assertions
are equivalent :

(1) F=G;
(2) F(z)=G(x) forall z€ X;
(3) Dp =Dg and F(x)=G(z) forall z € Dp.

Theorem 1.5. If F is a relation on X to Y, then for any A, B C X we have
(1) FI[ANB] C FIA|NF[B]; (2) FI[AUB]| =F[A]UF|[B].
Theorem 1.6. If F is a relation on X to Y, then for any A, B C X we have

F[A]\ F[B] c F[A\B].

Corollary 1.7. If F is a relation on X onto Y, then for any A C X we have

F[A]°C F[A°].

Remark 1.8. If in particular the inverse F~! of F, defined in the next section,
is a function, then the equality also holds in Theorems 1.5 and 1.6 and Corollary
1.7.

Theorem 1.9. If F' and G are relations on X to Y, then for any x € X we
have

(1) (FNG)(z)=F(z)NG(z); (2) (FUG)(z)=F(z)UG(x).
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Theorem 1.10. If F and G are relations on X to Y, then for any A C X we
have

(1) (FHG)[A] CF[AING[A]; (2) (FUG)[A] =F[A]JUG[A].
Remark 1.11. Theorems 1.5, 1.9 and 1.10 can be naturally extended to arbitrary
families of sets and relations.

Theorem 1.12. If F and G are relations on X to Y, then for any x € X and
A C X we have

(1) (F\G)(z)=F(z)\G(z); (2) FIAJ\G[A] C(F\G)[A].
Corollary 1.13. If F is a relation on X to Y, then for any v € X and A C X,
with A # 0, we have

(1) Fo(x)=F(x)"; (2) F[A]ccC Fe[A].

Theorem 1.14. If F is a relation on X to Y, then for any A C X we have

2. RELATION THEORETIC OPERATIONS ON RELATIONS
If F is a relation on X to Y, then the relation

F_lz{(y,x): (x,y)GF}

is called the inverse of F'.

Moreover, if GG is a relation on Y to Z, then the relation
GoF={(z,2z): JyeY: (z,y)eF, (y,2)eG}

is called the composition of G and F.

Concerning inverse and composite relations, we shall only quote here the
following basic theorems.

Theorem 2.1. If F is a relation on X to Y, then for any x € X and y € Y
the following assertions are equivalent :

(1) zeF ' (y); (2) yeF(x).

Theorem 2.2. If F' is a relation on X to Y, then for any x € X and BCY
the following assertions are equivalent :

(1) zeF'[B]; (2) F(z)NB#0.

Theorem 2.3. If F' is a relation on X to Y, then for any AC X and BCY
the following assertions are equivalent :

(1) ANF'[B]#£0; (2) FIAJNB#0.
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Theorem 2.4. If F' and G are relations on X to Y, then

(1) (FNG) '=F'nG!; (2) (FUG) '=F'uGg.
Theorem 2.5. If F' and G are relations on X to Y, then

(F\G) '=F "\ G

Corollary 2.6. If F is a relation on X to Y, then

Theorem 2.7. If F' is a relation on X to Y and G is a relation on Y to Z,
then for any © € X and A C X we have

(1) (GoF)(z)=G|[F(z)]; (2) (GoF)[A] =G[F[A]].
Theorem 2.8. If F is a relation on X to Y and G is a relation on Y to Z,

then
(GOF)_l = Flog—1t.

Theorem 2.9. If F' and G are relations on X to Y and H is a relation on Y
to Z, then

(1) Ho(FNG) C (HoF)N(HoG);  (2) Ho(FUG) = (HoF)U(HoG).
Theorem 2.10. If F' is a relation on X to Y and G and H are relations on Y
to Z, then

(1) (GNH)oF C (GoF)N(HoF); (2) (GUH)oF = (GoF)U(HoF).

Hint. The latter two theorems can be most easily proved with the help of Theorems
2.7 and 1.10 and Corollary 1.4.

Remark 2.11. Theorems 2.4, 2.9 and 2.10 can be naturally to arbitrary families
of relations.

Theorem 2.12. If F' and G are relations on X to Y and H is a relation on Y
to Z, then
(HoF)\(HoG)C Ho(F\Q@G).

Theorem 2.13. If F is a relation on X to Y and G and H are relations on Y
to Z, then
(GoF)\(HoF)C (G\H)oF.

Proof. To check this, note that by Theorems 1.12 and 2.7, we have

((GoF)\(HoF))(z)=(GoF)(z)\(HoF)(x)
=G[F(z)]\H[F(z)] c(G\H)[F(z)]=((G\H)oF) (z)

for all x € X. Therefore, by Corollary 1.4, the required equality is also true.
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Corollary 2.14. If F is a relation on X to Y and G is a relation on Y to Z,
then

(1) (GoF)°CG®oF if X=Dp; (2) (GoF)"CGoF° if Z=Rg.
Proof. To check (2), note that if Z = R¢g, then by Theorem 2.7
(Go(XxY))(2)=G[(XxY)(2)] =G[Y]=Rg=2Z=(XxZ)(z)

for all z € X . Therefore, by Corollary 1.4, G o (XXY) = X xZ. And thus, by
Theorem 2.12,

(GoF) = (XxZ)\ (GoF)=(Go(XxY))\ (GoF)
CGo((XXY)\ F)=GoF°.

Theorem 2.15. If F is a relation on X to Y and G is a relation on Y to Z,
then for any x € X we have

(GoF)(x)= [) Gv).

yEF(x)

Proof. By Corollary 1.13 and Theorems 2.7 and 1.14, we have

(G°oF)(z)=(G°oF)(2)°=G°[F(z)]°= [) G(y).

yeF(x)

3. BOX AND TOTALIZATION RELATIONS
Definition 3.1. For any A C X and B C Y, we define

F(A7B):A><B.

Remark 3.2. In particular, we shall also write

Fg =Tia, 4 and La, B) = 1({a}, B)

for any a € X.
Concerning box relations, the following theorems have been proved in [17].
Theorem 3.3. If AC X and B CY, then for any x € X we have

B A
HAm”ﬂ:{w Z iiA.
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Remark 3.4. Thus, in particular if A C X, then for any z € X we have

r (A it zeA,
A(x)_{® if z¢A.

Theorem 3.5. If AC X and B CY, then for any U C X we have

0 o UcCAS,
F(“’B)[U]:{B if U ¢ Ac.

Remark 3.6. Thus, in particular if A C X, then for any U C X we have

F[m_{® if UcCA°,
ATl A4 it U A

Definition 3.7. For any relation F' on one set X to another Y, we define

F=FU F(DPE,Y)'

Remark 3.8. If Y # (), then the relation F may be called the natural totalization
of F. Its usefulness will be cleared up by the forthcoming results.

In particular, for any A, B C X, the totalizations

FA = FA and f(A,B) = F(A,B)

may be called the Davis—Pervin and the Hunsaker—Lindgren relations on X, respec-
tively.
The latter relations play an important role in the generalized uniformization of

various topological structures such as proximities, closures, topologies, and filters,
for instance. (See [2], [10], [15] and [1, pp. 42, 193], [5], [11].)

While, the relations F' can be used to prove a useful reduction theorem for the
intersection convolution of relations [16]. The latter operation allows of a natural
treatment of the Hahn-Banach type extension theorems. (See [12] and [4].)

Concerning totalization relations, the following theorems have been proved
in [17].

Theorem 3.9. If F' is a relation on X to Y, then for any U C X we have

[]_{ Y if U¢ Dp.

Corollary 3.10. If F' is a relation on X to Y, then for some U C X we have
FIU] =F[U] if and only if either U C Dp or F[U]=Y.

Corollary 3.11. If F' is a relation on X to Y, then for some x € X we have
F(x)=F(x) if and only if either x € Dp or F(z)=Y.
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Theorem 3.12. If F' is a relation on X to Y, then for any x € X we have

- [ F(z) if z€ D,
F“ﬂ_{ Y if x¢Dp.

Corollary 3.13. If F is a relation on X to Y, then F is an extension of F such
that F =F if and only if F(z)=Y for all z € DE.

Corollary 3.14. If F is a relation on X to Y and Y # 0, then F = F if and
only if F' is total.

Theorem 3.15. If AC X and BCY, then

Iix,v) if B=0,

fom = { |
( ) F(A,B)UF(AC,Y) ?,f B#@

Remark 3.16. Thus, in particular if A is a nonvoid subset of X, then
Ty =T4UT(4c x).

Moreover, we can at once see that the latter equality is also true for A =0.

Theorem 3.17. If AC X and B CY such that B # (), then for any U C X ,
with U # (0, we have

B if UCA,

f(A’B)[U]:{Y if Ug¢gA.

Remark 3.18. Thus, in particular if A and U are nonvoid subsets of X, then

A if UCA,

m“”:{x if U¢A.

Moreover, we can easily see that the latter equality is also true for A = 0.

Corollary 3.19. If AC X and B CY such that B # 0, then for any v € X
we have

_ B A,
IUB”@:{Y Z zZA

Remark 3.20. Thus, in particular if A is a nonvoid subset of X and = € X,

then
- {A if z€A,

LCa(z) =
a(@) X if z¢A.
Moreover, we can easily see that the latter equality is also true for A = 0.

Remark 3.21. Note that if A C X and () is considered as a subset of Y, then
by Theorems 3.15 and 3.3 we have T4 g)(z) = I\x,y)(z) =Y forall z € X.
Therefore, the assumption B # () is indispensable in Corollary 3.19 and Theorem
3.17.
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4. INVERSES OF BOX AND TOTALIZATION RELATIONS
Theorem 4.1. If AC X and B CY, then
F(Z}B) =1, 4)-

Proof. By the corresponding definitions, for any x € X and y € Y, we have

(y,2) €T, ) = (z,9) €la ) < (r,y) €AxB
< rxcA, yeB < (y,r)eBxA < (y,x)cl(p a.

Therefore, the required equality is also true.

Remark 4.2. Thus, in particular if A C X, then

T, =Ty.

Corollary 4.3. If AC X and B CY, then for any V CY we have

— O if VcBe,
[]_{A if V¢ Be.

-1
Lia By

Proof. By Theorems 4.1 and 3.5, we have

1 § if VcB©,
tamVI=TeaVI=1 0 4 yype
Remark 4.4. Thus, in particular if A C X, then for any V C X we have
0 if VcAe,
FA_l[V] = .
A if V¢ A°.
Corollary 4.5. If AC X and B CY, then for any y € Y we have

A if yeB,
r.! =
. W) {@ if yé¢B.
Remark 4.6. Thus, in particular if A C X, then for any y € X we have
B A if yeAd,
L'y 1(2/) = .
0 if y¢A.

Theorem 4.7. If F is a relation on X to Y, then

F71=F7 U Ly, pg)
Proof. By Definition 3.7 and Theorems 2.4 and 4.1, we have

~ _1 _ _ _
F= = (FUTLpgv)) =F UL vy =F Uy, pg-
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Corollary 4.8. If F is a relation on X to Y, then for any nonvoid subset V of
Y, we have

FV]=DguFV].
Proof. By Theorems 4.7, 1.10 and 3.5, we have
FIV] =(F'ULy, pg))[V] = F ' V] ULy, pgy [V] =F'[V] UD§.

Therefore, the required equality is also true.

Corollary 4.9. If F is a relation on X to Y, then for any y € Y we have

F~(y) =D U F~(y).

Theorem 4.10. If AC X and BCY such that A# X and B # 0, then
_ -

F(A,B) — F(BC,AC) .

Proof. Because of B # () and Theorem 2.3, we have A = Dr, p,. Therefore, if
y € Y, then by Corollaries 4.9 and 4.5 we have

- A if yeB
—1 c -1 c ’
Fam W) = A0 G g () =4 U{ 0 if y¢B,
and hence y ; B
_ ¢ if ye B¢,
ot =
(a.5)(Y) { X if y¢Be

Moreover, because of A # X and Corollary 3.19, we also have

Ac if ye Be,

Lipe, a9 (y) = { X if y¢ Be

Hence, by Corollary 1.4, it is clear that the required equality is also true.
Remark 4.11. Thus, in particular if A is a proper, nonvoid subset of X, then
fgl - fAc .

Moreover, by Remark 3.16, we can see that f‘@ = X2 and I'x = X2. Therefore,
the above equality is also true for A = and A = X.

Remark 4.12. However, if X is a set and B is a nonvoid subset of Y, then by
Theorems 3.15 and 4.1 we can see that

. B i i
Lx, = Lx, s =L x) and Lipe,xe) = O(pe,0) = Ty, x) -

Thus, in particular the assumption A # X is indispensable in Theorem 4.10.
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Corollary 4.13. If AC X and B CY such that B # (0, then for any nonvoid
subset 'V of Y, we have

-1 V] _{AC if 'V C B°€,
(4, B) X i V¢B-.
Proof. If in addition A # X, then by Theorems 4.10 and 3.17 we have

Ac if V c Be,
X if V¢Be.

F(Z{B)[V] = 1~1(BC,AC) [V] = {

Moreover, by Remark 4.12 and Theorem 3.5, we have

0 if VcBe,

= B B

Thus, since () = X ¢, the required equality is again true.

Remark 4.14. Thus, in particular if A is a nonvoid subset of X, then for any
nonvoid subset V of X we have

fAHW_{Aiﬁ V C AC,
A Sl X i V¢ A-

Moreover, we can easily see the above equality is also true for A = ).

Corollary 4.15. If AC X and B CY such that B # 0, then for any y € Y

we have
X if yeB,
1 (y>={

f_
4, B) A if yé¢B.

(

Remark 4.16. Thus, in particular if A is a nonvoid subset of X, then for any
y € X we have
X it yeA,

Tl (y) =
A () {ACifygA.
Moreover, we can easily see the above equality is also true for A = ().

Remark 4.17. Note that if A is a proper subset of X and () is considered as a
subset of Y, then by Theorems 3.15 and 4.1 we have

f(;xl, oY) = F(}{ v =Ty x)(y =X
and

1~ﬁ(@)c,Ac)(?J) = f(Y,AC)(y) =Ty, ae)(y) = A°

for all y € Y. Therefore, the assumption B # () is indispensable in Corollaries
4.13 and 4.15 and Theorem 4.10.
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5. COMPOSITIONS OF BOX RELATIONS WITH ARBITRARY ONES

Theorem 5.1. If AC X and BCY, and G is a relation on Y to Z, then

Golia, B =14, ¢iB))-

Proof. By Theorems 2.7 and 3.3, for any x € X, we have

G[B] it z€A,

(GOF(A,B))(SC):G[F(A’B)<x)}:{G[@] if ¢ A.

Hence, since G[0] =0, by Theorem 3.3 we can see that

(GoTia,B))(z) =T(a, ¢1B))(2)

for all x € X. Therefore, by Corollary 1.4, the required equality is also true.
Remark 5.2. Thus, in particular if A C X and G is a relation on X to Y, then

GoTa =T, gra)-

Theorem 5.3. If F' is a relation on X to Y, and C CY and D C Z, then

Lic,pyo F'=I(r-11¢], D)-

Proof. By Theorems 2.7 and 3.5, for any x € X, we have

(Tic,py o F)(2) =Tic,p) [F(2)] = { ?) i ?Eg ; g
Moreover, by Theorem 2.2, we have

F(z) ¢ C° <= F(x)NC#0) < xcF'[C].
Therefore,

D if zeFl[C],
(F(C’D)OF)(x):{w if :UZF*C}.

Hence, by Theorem 3.3, we can see that

(Lie,py o F)(z) =T r-11c], p)()

for all x € X. Thus, by Corollary 1.4, the required equality is also true.
Remark 5.4. Thus, in particular if F' is a relation on X to Y, and B C Y, then

FBOF:F(F—l[B]’B).
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Theorem 5.5. If ACX, B,CCY and D C Z, then

0 if BcCC(Ce,

Koyl = | ap if BeC-

Proof. By Theorem 5.1, we have

Lic,pyolia, By = 1A, re p [B]) -
Moreover, by Theorem 3.5, we have

0 if BccCe,

T B] =
.0 [B] {D if B¢

Thus, since 4, 9) = (), the required equality is also true.
Remark 5.6. Thus, in particular if A, B C X, then

0 if AcC B¢,

Tpoly =
BotA {F(AB) it A¢ BC.

Hence, since A C A¢ <= A=10, and [}y =0, we can also see that I'? =Ty .

6. COMPOSITION OF BOX RELATIONS WITH TOTALIZATION ONES

Theorem 6.1. If AC X and BCY and G is a relation on Y to Z, then

Gol _ [T, ars if B C Dg,
(4, B) Tazy if B¢ Dg.

Proof. By Theorem 5.1, we have

Golia, B =Ti4, arny)-
Moreover, by Theorem 3.9, we have

3 _ (G[B] if BCDg,
G[B]_{ Z if B¢ Dg.

Therefore, the required equality is also true.

Remark 6.2. Thus, in particular if A C X and G is a relation on X to Y, then

éOFA:{F(A’G[A]) if ACDG7
Tay) if A¢Dg.
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Theorem 6.3. If F is a relation on X to Y and C CY and D C Z such that
C#0, then

Lo,pyo F=T(pg, pyUT(r-1(c], D)-
Proof. By Theorem 5.3, we have
Lc.pyoF =T pi(c), by
Moreover, since C # (), by Corollary 4.8 we have
Fl[C] =D& U F Y.
Therefore,
Tic,pyoF = Lipeur-11c], D)>

and thus by [ , Theorem 3.3] the required equality is also true.

Remark 6.4. Thus, in particular if F'is a relation on X to Y and B is a nonvoid
subset of Y, then

FB OF: F(Df:» B) U F(F—l[B}, B)-
Moreover, we can at once see that the above equality is also true for B = ().

Remark 6.5. However, we can note that
F(@’D)OFZ(DOFZQ) and F(DI%,D)UF(F—l[O)},D):F(D;,D)~

Therefore, the condition C' # () is indispensable in Theorem 6.3.

Theorem 6.6. If AC X, B,CCY and D C Z such that B#0 and D # ),

then
F(A7D) if BcCC,

e pyolian = { Taz if BgC.

Proof. Because of D # () and Theorem 3.3, we have C = Dr. p, - Therefore, by

Theorem 6.1, we have

~ FA,I" B if BcC,
F(c,mOF(A,B):{ ey

Lia, z) if B¢C.
Moreover, by Theorem 3.4, we have
r B - 0 if BccCe,
@D = D it B¢ e

Hence, since ) # B C C implies that B ¢ C°¢, it is clear that the required equality
is also true.
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Remark 6.7. Thus, in particular if A and B are nonvoid subsets of X, then

f‘ r {P(A,B) if ACB,
O =
B=oA Ta.x) if Ag¢B.

Moreover, we can easily see that the above equality is also true whenever A = ()
or B = (. Namely, for instance by Remarks 3.16 and 5.6 we have

(@] = (@) —
PEAT T T L Ta ) i A#£D.

Remark 6.8. However, it is clear that the condition B # () cannot be omitted
from Theorem 6.6. Moreover, by using Theorems 3.15 and 5.5, we can see that

0 if B=0,
Lia,zy if B#0D.
Therefore, the condition D # () is also indispensable in Theorem 6.6.

Theorem 6.9. If ACc X, B,CCY and D C Z such that B#0 and C # 0,
then

Lic.0yoTia,p =iy, z)0Ta) = {

F(AC,D) if BcCCC¢,
Iix, b of B¢ C°.

Proof. Because of B # () and Theorem 3.3, we have A = Dr, , - Therefore, by
Theorem 6.3, we have

Tic,pyolia, By = {

Lc,pyolian = F(Acur(;‘{B)[C}, D) "
Moreover, by Corollary 4.3, we have
0 if CcBe
L' 5[C] = ’
(4.m1€) {A if C¢Be.

Hence, since C C B¢ <= B C (¢, it is clear that the required equality is also
true.
Remark 6.10. Thus, in particular if A and B are nonvoid subsets of X, then
- [ge if AC B¢,
FBOFA:{ (ae,p) ]
F(X, B) 1f A gZ Be.

Moreover, we can easily see that the above equality is also true whenever A = )
or B = (. Namely, for instance, by Remarks 3.16 and 5.6, we have

0 if B=0,

Beto=Beoix {P(X,B) it BA(.

Remark 6.11. However, it is clear that the condition C # () cannot be omitted
from Theorem 6.9. Moreover, by using Theorems 3.15 and 5.5, we can see that

0 if C=0,
Iix,py if C#0.

Therefore, the condition B # () is also indispensable in Theorem 6.9.

e, py o Ta,0 = Tic,py o Tix v) = {
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7. COMPOSITIONS OF TOTALIZATION RELATIONS WITH ARBITRARY ONES
Theorem 7.1. If F is a relation on X to Y and G is a relation on Y to Z,
then
GoF=GoF U F(DFC’ G[Y]) -
Proof. By Definition 3.7 and Theorems 2.9 and 5.1, we have

GOF:GO(FUF(DFC’ Y)):GOFUGOF(D}g’ Y):GOFUF(DPS, G[Y]) -

Theorem 7.2. If F is a relation on X to Y and G is a relation on Y to Z,
then )
GoF = GOFUF(Ffl[DGCL Z) -

Proof. By Definition 3.7 and Theorems 2.10 and 5.3, we have

GoF = (GUI(pg, z)oF=GoF UT(pe zy0F=GoFUT(p-1[pe, z) -

Theorem 7.3. If F is an arbitrary relation on X to Y and G is a non-total
relation of Y to Z, then

GOF:GOFUF(DPQ’ Z) UF(F*I[Dé],Z)~

Proof. By Theorem 7.2 and 3.9, we have
GoF=GoF U F(ngv Gy =GoF U F(F—I[Dé]’ Z) U F(D1?7 z) -

Namely, by the hypothesis Dg # Y, we have Y ¢ D¢, and thus G[Y] = Z.

Remark 7.4. Note that if F' is a relation on X to Y and G is a relation of Y

to Z, then by Definition 3.7 and Theorem 7.1 we only have
GoF=GoF=GoF U F(DI?7 G[Y]) -

Thus, since now I p-1(pg), z) =Lir-119], 2) =10, 2) = (), the extra condition

D¢g #Y is not dispensable in Theorem 7.3.

Theorem 7.5. If AC X and B CY such that B# 0, and G is a relation on
Y to Z, then

Golia gy =T c8)) UL, aivy) -

Proof. Because of B # () and Theorem 3.3, we have A = Dr, p, - Therefore, by
Theorems 7.1 and 5.1, we have

GoT(a )y =Gol(a B Ul ac, aiv)) = L as) U Nae, av)) -
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Remark 7.6. Thus in particular if A is a nonvoid subset of X and G is a relation
on X to Y, then

GOfA:F(A’G[A])U F(AC’G[XD.

Moreover, by Remarks 3.16 and 5.2 and the corresponding definitions, we can see
that

Goly=Golx =I(x, aix)) = Lw.cro) Y Doe, a(x))
is also true.

Remark 7.7. However, by Theorems 3.15 and 5.1 and the corresponding defini-
tions, we can see that

GOf‘(A’@) = GOF(X,y) == F(X, G[Y]) .
and
La,arop YU Lae, aryv) = Lae, arvy -

Therefore, the assumption B # ) is indispensable in Theorem 7.5.

Theorem 7.8. If F is a relation on X to Y, and moreover C CY and D C Z
such that D # (), then

Tic,pyo F =T(p-1icy, py U Lp-1ice], 2) -

Proof. Because of D # () and Theorem 3.3, we have C = Dr.. p, - Therefore, by
Theorems 7.2 and 5.3, we have

Lc,pyo F =Tc,p)o F UTpice), 2) =Lprio), p) U Tirr(oe), 29

Remark 7.9. Thus, in particular if F'is a relation on X to Y and B is a nonvoid
subset of Y, then

Ip ol =Lip-1p), ) Ulr1ipe, v)-

Moreover, by Remarks 3.16 and 5.4 and the corresponding definitions, we can see
that

Lyo F =Ty o F =T(p-r(y), v) =T(r-10), ) U Lr-11p], v)
is also true.
Remark 7.10. However, by Theorems 3.15 and 5.3 and the corresponding defini-

tions, we can see that

Lic.yo F =Ty, zy0 F =Tp-11y), 2y = Lpr, 2)
and
Lip-11cy, 00 U Lp-11ce], 2) = Lp-11ce), 2) -

Therefore, the assumption D # () is indispensable in Theorem 7.8.
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8. COMPOSITIONS OF TOTALIZATION RELATIONS
WITH TOTALIZATIONS OF BOX RELATIONS

Theorem 8.1. If A C X and B CY, and G is a non-total relation on Y to
Z , then

Ta ¢y if BCDg,

Gol =
(4.5 {F(X,Z) if B¢ Dg.

Proof. If B # (), then by Theorem 3.3 we have A = Dr, s - Moreover, by
Theorems 7.3, 5.1 and 4.3, we have

GOF(A,B) = GOP(A7B) U F(AC,Z) U F(F(;{B)[Dé], Z)
F(@,Z) lf B CDG,

:]-—‘A,G UFAC’ U { .
( [B]) ( 2) F(A,Z) lf B¢D(;.

Furthermore, if B C D¢, then because of B # (), we can note that G[B]| # ().
Therefore, by Theorem 3.3, have A = Dr, . ,,,- Hence, by Definition 3.7, we
can see that

Tia, a8 YU Tae, 2y = Ta, a(5)) -

Moreover, by the corresponding definitions, we can see that Iy z) = 0,

F(A,Z)UF(AC,Z):F(X,Z) and F(A,G[B})C F(X,Z)-

Hence, it is clear that the required equality is also true whenever B # ().

Moreover, by Theorems 3.15 and 6.1, we can see that

Goliap =Golix,v)=Tix,2=La.0 = L4, co)) -

Therefore, the required equality is also true for B = ().

Remark 8.2. Thus, in particular if A C X and G is a non-total relation on X
to Y, then

~ o~ _{f(A,G[A]) if ACDg,
Tx.y) if Ag¢ Dg.

Remark 8.3. Note that if A C X and G is a total relation on Y to Z, then by
Remarks 2.16 and 7.6 we have

éofA = GOfA =T, arapn YU Lae, arx))
and

Lia, grap =L, crap YU Lue,y = La,ara)y U Lae, grap N Dae, aixiey,

whenever () # A C D¢ . Therefore, the condition that G is non-total is indispens-
able in Remark 8.2 and Theorem 8.1.
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Theorem 8.4. If F is a relation on X to Y, and C CY and D C Z such that
D#0 and C #Y, then

Tic,pyo F=T(p-1(c], py U T, 2) UT(p-1[ce, 2)-

Proof. Because of D # () and Theorem 3.3, we have C = Dr.. p,- Thus, since
C # Y, the relation I'¢ p) is non-total. Now, by Theorems 7.3 and 5.3, we can
see that

Lic,pyo F =T, pyo F UTL(ps, 2y UL p-1[ce, 2)
=Lip-11c1, p) U lpg, 2) UL p-11ce], 2)-

Remark 8.5. Thus, in particular if F' is a relation on X to Y, and B is a proper,
nonvoid subset of Y, then

po F=Tir(p], B U Tng, v) UTr (s, v)-

Moreover, by Remarks 3.16 and 6.4 and the corresponding definitions, we can see
that

LyoF =TyoF =T(p; v)UTp-1v). v) = Lr-r10), 0)Ulog, v)UTr-110e), v)
and
yoF =Ty oF' = Tipg vy UTir-11v ) v) = Tipg vy Ul vy, v) UTim-ave) v,

Therefore, the above equality is also true for B =0 and B =Y.

Remark 8.6. However, if F' is a relation on X to Y and C is a nonvoid subset
of Y, then by Theorems 3.15 and 6.3 and the corresponding definitions we can see
that

Lic,0) 0 F =Ty, 70 F =Tipg, ) U T(rric),0) =0
and
L1101, 00 YU Lipg, 2y Ul (p-11ce), 2) = Lipg, 2) Ul (p-11ce], 2) -

While, if F'is a relationon X to Y, Y # 0 and D C Z, then by Theorems 3.15
and 6.3 we can see that

Ty, pyo F =Ty pyo F'=T(ps, py U T(r-1[v], D)
and
Lir-11vy, py U lpe, 2) UL p-11ve), z) =Lp-11v], by U l(Dg, 2) -

Therefore, the conditions D # () and C' # Y are indispensable in Theorem 8.4.
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Theorem 8.7. If ACX, B,CCY and D C Z such that B#0, D #0 and
C#Y, then R

P(A’ D) if BcC,

Ii'x,zy if BgC.

Proof. Because of D # () and Theorem 3.3, we have C = Dr.. p,- Thus, since
C # Y, the relation I p) is non-total. Now, by Theorem 8.1, we can see that

1~ﬂ(C,D) Of(A,B) - {

f‘(A,F(C’D)[B]) if BCC,
Iix, 2 if B¢C.
Moreover, by Theorem 3.5, we can see that
0 if BccCe,
Lo.mlB] = { D if B¢Ce.
Now, since ) # B C C implies B ¢ C¢, it is clear that the required equality is
also true.

¢, py o L(a, B) :{

Remark 8.8. Thus, in particular if A is a nonvoid and B is a proper, nonvoid
subset of X, then ~
F( A, B) if ACB,

I[goly =

B=oA { Iy if A¢B.

Moreover, if A, B C X, then by Remarks 3.16, 6.7 and 6.10, we can see that
- - I if XCB,
FBOFQ):FBOFX:{ (X, B) 1

F(X,X) if X gZ B,

and thus .
F((Z),B) if 0cC B,

[goly=TIx =
oA { Iy if 0¢B.
On the other hand, by Remarks 3.13 and 6.10, we can see that
- - Lige if AcCX¢,
F@oFA:FXoFA:{ (ae, 1
F(X,X) if A§ZXC,

and thus .
F(A,(Z)) if AC@,

[joly =Ty =
pUiAT R {FX if A0,
Moreover, .
F(A7 X) if ACX,

I'x if A¢ X,
since f(A,X) =Ta,x)U IN“(AC’X) =TIy even if X = (). Therefore, the required
equality is also true if A=( or B=0 or B=X.
Remark 8.9. Thus, in particular if A C X, then

Tpoly=T4.

Therefore, T'y is transitive. Moreover, by Remark 3.20, we can see that L4 is
reflexive on X. Thus, I'4 is actually a preorder relation on X.

fXOfA:FXOfA:FX:{

In this respect, it is also worth noticing that, by Remark 6.11, we have
f‘A_l - fAc

Therefore, Ty is symmetric if and only if [y = [4c. That is, either A = ) or
A= X by [17, Remark 5.30].
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9. SOME REDUCTION THEOREMS FOR COMPOSITIONS
WITH TOTALIZATION RELATIONS

Theorem 9.1. If F' is a relation on X to Y and G is a relation on Y to Z,
then the following assertions are equivalent

(1) GoF=GoF; (2) X=Dp or G=10.
Proof. If x € X, then by Theorems 7.1 and 1.9, we have
(GOF)(.%) = (GOF U F(D}g7 G[y]))(l‘) = (GOF)(Q?) U F(ngv G[y])(l’)

Moreover, by Theorem 3.3, we have

(Z) if X DF,
F(DFC’G[Y])(I):{G[Y] if :E;DF.
Thus, since (Go F)(z)=G[F(z)] C G[Y], we have
~ - (GOF)(%‘) if QZ'GDF
(GOF)(x)_{ GlY] it ¢ Dp.

Hence, by Corollary 1.4, the equivalence of (1) and (2) is quite obvious.

To check the implication (1) = (2), note that if X # Dp, then there exists
x € Dg . Therefore, if Go F = G o F holds, then

U Gly)=G[Y] = (Goﬁ’)(x):(GoF)(x):G[F(x)]:G[m = 0.

Hence, we can already see that G(y) =0 =0(y) for y € Y. Thus, by Corollary
1.4, we necessary have G = 0.

Remark 9.2. If F' and G are as in Theorem 9.1, then for any U C X we can
also prove that

. GoF)|U] if UCDg,

(GOF)[U]:{( oF)[U] 1 A
GlY] if U¢ Dp.

Theorem 9.3. If F is a relation on X to Y and G is a relation on Y to Z,

then the following assertions are equivalent :
(1) GoF=GoF; (2) Z=G[F(x)] foral ze€F '[DS].
Proof. If ©x € X, then by Theorems 7.2 and 1.9, we have
(GoF)(z)=(GoF UT(pipg, z))(x) = (GoF)(x) UT(p1(pg, z)(z).
Moreover, by Theorem 3.3, we have
Z if zeF ' DS]
F — c -
(F 1[DG]’Z))(I) { @ if x@éF_l[DCC;]
Thus, since (Go F)(z)=G[F ()] C Z, we have
~ VA if € FYDs
(Gor) )= Lorel
(GoF)(z) if x¢F'[DS].
Hence, by Corollary 1.4, the equivalence of (1) and (2) is quite obvious.

Y
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Remark 9.4. If F' and G are as in Theorem 9.3, then for any U C X we can
also prove that

. (GoF)[U] if UcF[Dg]",
(GOF)[U]:{ z if U¢F1[D2]C.

Theorem 9.5. If F is an arbitrary relation on X to Y and G is a non-total
relation on Y to Z, then the following assertions are equivalent :

(1) GoF=GoF; (2) Z=G[F(x)] forall v€ DEUF[DS].
Proof. If x € X, then by Theorems 7.3 and 1.9 we have

(GoF)(z)=(GoF UT(pg, 2 UL p-11ng, 2))(@)
= (GOF)(ZZJ) U F(Df,, Z)(CU> U I‘(Ffl[Dé], Z)(x)

Moreover, by Theorem 3.3, we have

@ if I‘GDF,

Iipg, 2)(x) = { Z if x¢Dp

and
0 if a¢FU[Dg),

P(F_I[Dé]’m(x):{z if 2eF-l[Dg.

Thus, since (Go F')(z) =G[F (z)] C Z, we have

(GoF)(z) if x€Dp\F DS,

Gemo={ )

Hence, by Corollary 1.4, the equivalence of (1) and (2) is quite obvious.

Remark 9.6. If F' and G are as in Theorem 9.5, then for any U C X we can
also prove that

- =~ GoF)|[U] if UcDr\FDf,
(Gomyiy) = { (GO vCDn D,

A if U¢Dp or U¢gF DS
Remark 9.7. Note that if F'is an arbitrary relation on X to Y and G is a total

relation on Y to Z, then by Definition 3.7 we have GoF = GoF . Thus, Theorem
9.1 and Remark 9.2 can be applied.
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