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INCLUSIONS ON BOX AND TOTALIZATION RELATIONS

ARPAD SzAZ

ABSTRACT. In this paper, we shall only study inclusions on box and totalization
relations
F(A7B):A><B and F:FUF(D;7y),

where A C X, B CY and F is arelation on X to Y with domain Dpg. The set
and relation theoretic operations, and several algebraic and topological properties of
these relations, will be studied elsewhere.

This line of investigations is mainly motivated by the fact that the relations

f(A,B): F(A,B) and fA:f(A,A)

play an important role in the uniformization of various topological structures such as
proximities, closures and topologies, for instance. Moreover, the relations F can be
used to prove a useful reduction theorem for the intersection convolution of relations.
The latter operation allows of a natural treatment of the Hahn-Banach type extension
theorems.

1. A FEW BASIC FACTS ON RELATIONS

A subset F of a product set XxY is called a relation on X to Y. If in particular
F' is a relation on X to itself, then we may simply say that F' is a relation on X.
Thus, a relation F' on X to Y is also a relation on X UY.

If F is a relation on X to Y, then for any x € X and A C X the sets
Fx)={yeY: (z,y)€F} and F[A] = F(a) are called the images of
x and A under F', respectively.

Moreover, the sets Dp ={z € X : F(z)# 0} and Rp = F[X] are called
the domain and range of F', respectively. If in particular X = Dp, then we say

that F' is a relation of X to Y, or that F' is a total relation on X to Y. While, if
Y = Rp, then we say that F'is a relation on X onto Y.

If Fisarelationon X to Y and U C Dp, then the relation F'|U = FN(UxXY')
is called the restriction of F' to U. Moreover, if F and G are relations on X to Y
such that Dp C Dg and F = G| Dp, then G is called an extension of F.
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In particular, a relation f on X to Y is called a function if for each x € Dy
there exists y € Y such that f(x) = {y}. In this case, by identifying singletons
with their elements, we may simply write f (z) =y instead of f(z) = {y}.

Concerning relations, we shall only quote here the following basic theorems.
Theorem 1.1. If F is a relation on X to Y, then

F=|J{2}xF(z)= |J {z}xF(x).

rzeX rx€DF

Remark 1.2. By this theorem, a relation F' on X to Y can be naturally defined
by specifying F'(z) for all x € X, or by specifying Dp and F(x) for all x € Dp.

Corollary 1.3. If F' and G are relations on X to Y, then the following assertions
are equivalent :

(1) FCG;
(2) F(z)C G(x) forall vz € X; (3) F(xz)C G(x) forall z € Dp.

Corollary 1.4. If F and G are relations on X to Y, then the following assertions
are equivalent :

(1) F=G;
(2) F(z)=G(x) forall ze€ X;
(3) Dp = Dg and F(x)=G(x) forall x € Dp.

Theorem 1.5. If F is a relation on X to Y, then for any A, B C X we have

(1) FIANB] c F[A]nF[B]; (2) F[AUB] =F[A] UF[B].

Hint. To check this, note first that F[A] C F[B] whenever A C B.
Theorem 1.6. If F is a relation on X to Y, then for any A, B C X we have

F[A]\F[B] C F[A\B].

Corollary 1.7. If F is a relation on X onto Y, then for any A C X we have

F[A]°C F[A°].

Remark 1.8. If in particular the inverse F~!'={(y,z): (z,y)€F} of Fis
a function, then the equality also holds in Theorems 1.5 and 1.6 and Corollary 1.7.

Theorem 1.9. If F' and G are relations on X to Y, then for any x € X we
have

(1) (FNG)(z)=F(z)NG(x); (2) (FUG)(z)=F(z)UG(x).
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Theorem 1.10. If F and G are relations on X to Y, then for any A C X we
have

(1) (FNG)[A] CF[A]NG[A]; (2) (FUG)[A] = F[A]JUG[A].

Hint. To check this, note first that FF/[A] C G[A]| whenever F C G.

Remark 1.11. Theorems 1.5, 1.9 and 1.10 can be naturally extended to arbitrary
families of sets and relations.

Theorem 1.12. If F and G are relations on X to Y, then for any x € X and
A C X we have

(1) (F\G)(z)= F(z)\G(z); (2) FIAJ\G[A] C(F\G)[A].

Corollary 1.13. If F is a relation on X to Y, then for any x € X and A C X,
with A # 0, we have

(1) F¢(z) = F(x)°; (2) FlA]®C Fe[A].
Theorem 1.14. If F is a relation on X to Y, then for any A C X we have

Fe[A]°= ()] F(=).

r€eA

Proof. By DeMorgan’s law and Corollary 1.13, we have

Fe[A]¢ = ( U FC(;C))C: (] Fo(z)°= () F(x).

€A

2. BOX AND TOTALIZATION RELATIONS

Definition 2.1. For any A C X and B C Y, we define

F(A7B):A><B.

Remark 2.2. In particular, we shall also write

Lg =Ta, a) and La, B) =1{a}, B)

for any a € X.
Theorem 2.3. If AC X and B CY, then for any x € X we have

B i A,
Tan@={y i sea

Proof. By the corresponding definitions, for any y € Y, we have
yelia,p(zr) &= (v,y)ela,p < (z,y)€AXB < vcA, yebB.

Therefore, the required equality is also true.
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Remark 2.4. Thus, in particular if A C X, then for any z € X we have
Ia(2) A if zeAd,
xTr) =
4 0 if zdA.
Theorem 2.5. If AC X and B CY, then for any U C X we have

0 o UcCAS,

F(""B)[U]:{B if U¢ A°.

Proof. By Theorems 1.5 and 2.3, we have

La, g [U] =Ta, g [(UNA)U(U\NA)] =Ta, g [UNA] UL ) [U\A]

(ijmﬁﬂ@>u(éajuﬁx@)

zxeUNA
velnA B if UNA#0.

Hence, since UNA =0 <= U C A, it is clear that the required equality is also
true.

Remark 2.6. Thus, in particular if A C X, then for any U C X we have

0 if UcCA-,

m“”:{A if U g A°.

Definition 2.7. For any relation F' on one set X to another Y, we define
F=FU F(DF(‘:’Y).

Remark 2.8. If Y # 0, then the relation F' may be called the natural totalization
of F'. Its usefulness will be cleared up by the forthcoming results.

In particular, for any A, B C X, the totalizations

FA = FA and f(A,B) = F(A,B)

may be called the Davis—Pervin and the Hunsaker-Lindgren relations on X, respec-
tively.
The latter relations play an important role in the generalized uniformization of

various topological structures such as proximities, closures, topologies, and filters,
for instance. (See [2], [14], [21] and [1, pp. 42, 193], [6], [16].)

While, the relations F can be used to prove a useful reduction theorem for the
intersection convolution of relations [22]. The latter operation allows of a natural
treatment of the Hahn-Banach type extension theorems. (See [17] and [5].)
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Theorem 2.9. If F is a relation on X to Y, then for any U C X we have

[ ]_{ Y if U¢ Dp.

Proof. By Definition 2.7 and Theorems 1.10 and 2.5, we have

FlU] = (F UF(D;7y)) (U] =F[U]|U F(DFC,Y)[U]

:F[U]U{Q) if UCDp,

Y if UgDp.
Hence, it is clear that the required equality is also true.

Corollary 2.10. If F is a relation on X to Y, then for some U C X we have
F[U] =F[U] if and only if either U C Dp or F[U|=Y.

Corollary 2.11. If F' is a relation on X to Y, then for some x € X we have
F(x) = F(x) if and only if either x € Dp or F(z)=Y.

From Theorem 2.9, it is clear that in particular we also have
Theorem 2.12. If F is a relation on X to Y, then for any x € X we have

- [ F(z) if z€ D,
F(x)_{ Y  if z¢Dp.

Corollary 2.13. If F is a relation on X to Y, then F is an extension of F such
that F = F if and only if F(z)=Y for all x € DS.

Corollary 2.14. If F is a relation on X to Y and Y # 0, then F = F if and
only if F' 1is total.

Theorem 2.15. If AC X and BCY, then

- _{ Iix,v) if B=0,
(4, B) Tia.myUTae,yy if B#0.

Proof. If B # (), then by Theorem 2.3 it is clear that A = Dr, p,. Hence, by
Definition 2.7, we can see that T4 gy = T4, By U [{ac v)-

While, if B =0, then we can note that T4 gy = L4, 9y = A x ) = 0. Hence,
since () = Dy, we can already see that f(A,B) —0=0uU Lige, vy =Tix,v) -

Remark 2.16. Thus, in particular if A is a nonvoid subset of X, then
fA :FAUF(AC’X).

Moreover, we can easily see that the latter equality is also true for A = 0.
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Theorem 2.17. If AC X and B CY such that B # 0, then for any U C X,
with U # (0, we have

B if UCA,

f(A’B)[U]:{Y if Ug¢gA.

Proof. Because of B # () and Theorem 2.3, we have A = Dr., 5, - Now, by
Theorem 2.9, we can see that

F(A’B)[U] if UCA,

I Ul =
(4,5 U] { Y if UgA.

Moreover, if U C A, then because of U # () we can note that U ¢ A¢. Therefore,
by Theorem 2.5, we have I'4 p)[U] = B. Hence, it is clear that the required
equality also is true.

Remark 2.18. Thus, in particular if A and U are nonvoid subsets of X, then

A if UCA,

LalU] :{X if UgA.

Moreover, we can easily see that the latter equality is also true for A = 0.
By Theorem 2.17, it is clear that in particular we also have

Corollary 2.19. If AC X and B CY such that B # (), then for any x € X

we have
B if xzeA,

La, ) () = { Y if zdA.

Remark 2.20. Thus, in particular if A is a nonvoid subset of X and z € X,

then
- {A if z€A,

Fa(z) =
A B ¢A.
Moreover, we can easily see that the latter equality is also true for A = 0.

Remark 2.21. Note that if A C X and () is considered as a subset of Y, then
by Theorems 2.15 and 2.3 we have Ii4 g)(z) = I\x,y)(z) =Y forall z € X.

Therefore, the assumption B # () is indispensable in Corollary 2.19 and Theorem
2.17.

3. INCLUSIONS ON BOX RELATIONS

Theorem 3.1. If AC X and B CY, then for any U C X and V C Y the
following assertions are equivalent :

(1) F(A7B)[U]CV,' (2) UcCA® or BCV.

Proof. If U ¢ A°, then by Theorem 2.5 we have I'4 py[U] = B. Hence, it is
clear that (1) implies (2). By Theorem 2.5, the converse implication is even more
obvious.
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Remark 3.2. Thus, in particular if A C X, then for any U,V C X we have
T4 [U] CcV if and only if either U C A° or ACV .

Corollary 3.3. If AC X and B C Y, then for any x € X and V C Y the
following assertions are equivalent :

(1) F(A’B)(CL‘)CV, (2) $¢A or BCV.
Remark 3.4. Thus, in particular if A C X, then for any x € X and V C X we
have I'y(z) C V if and only if either . ¢ A or AC V.

Theorem 3.5. If AC X and B CY, then for any relation F' on X to Y the
following assertions are equivalent :

(1) F(A,B) CF; (2) B C F° [A]C;
(3) forany x € A we have B C F(x);
(4) for any x € X we have either © ¢ A or B C F(x).

Proof. By Corollaries 1.3 and 3.3 and Theorem 1.14, we can see that

F(AyB)CF — VzrreX: F(A’B)($>CF(.I)
<— VzereX: z¢A or BCF(zx) < Vaxe€A: BCF(z)

< BC ()]F(z) < BCF°[A]"
z€A

Remark 3.6. Thus, in particular if A C X, then for any relation F on X we
have I'y C F' if and only A C F¢[A]°, or equivalently A C F(x) forall x € A.

Analogously to Theorem 3.1, we can also easily establish the following

Theorem 3.7. If AC X and B CY, then forany U C X and V CY, with
V #0, the following assertions are equivalent :

(1) V CTiaplUl; (2) Ug A° and V CB.

Proof. If (1) holds, then because of V # () and Theorem 2.5 we necessarily have
Ug¢g A¢ and V C T4, p)[U] = B. Therefore, (2) also holds. By Theorem 2.5,
the converse implications is even more obvious.

Remark 3.8. Thus, in particular if A C X, then for any U C X and V C Y,
with V #0, we have V C T4 [U] if and only if U ¢ A¢ and V C A.

Corollary 3.9. If AC X and B CY, then forany x € X and V CY, with
V #0, the following assertions are equivalent :

(1) V CTia,B)(x); (2) €A and V CB.

Remark 3.10. Thus, in particular if A C X, then for any x € X and V C Y,
with V #0, we have V C Ty(x) if and only if x € A and V C A.
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Theorem 3.11. If AC X and B CY, then for any relation F on X to Y the
following assertions are equivalent :

(1) FCF(A’B); (2) D CA and Rp C B;
(3) for any x € Dp we have v € A and F(x) C B.

Proof. By Corollaries 1.3 and 3.9, we can see that

FCF(A’B) <— V zx€Dp: F(I)CF(AVB)(J/‘)
< VzeeDrp: €A and F(zr)CB <= DpCA and Rp CB.

Remark 3.12. Thus, in particular if A C X, then for any relation F' on X we
have FF C I'y if and only if Dp U Rp C A, or equivalently for any x € Dp we
have x € A and F(z) C A.

Now, as an immediate consequence of Theorems 3.1 and 3.7, we can also state

Theorem 3.13. If AC X and BCY, then forany U C X and V CY, with
V #£0, the following assertions are equivalent :

(1) V=T plU]; (2) Ug A and B=V .

Proof. If (1) holds, then by Theorem 3.7 we have U ¢ A°¢ and V C B. Hence,
by Theorem 3.1, it is clear that B C V' also holds. Thus, (1) implies (2). By the
above mentioned theorems, the converse implication is even more obvious.

Remark 3.14. Thus, in particular if A C X, then for any U C X and V C Y,
with V #0, we have V =T, [U] if and only if U ¢ A¢ and A=V .

Corollary 3.15. If AC X and B CY, then for any x € X and V C Y, with
V #0, the following assertions are equivalent :

(1) V=Ta B (x); (2) x€A and B=V .

Remark 3.16. Thus, in particular if A C X, then for any + C X and V C Y,
with V #0, we have V =T4(x) ifand only if z€ A and A=V

In principle, the following theorem can also be proved with the help of Corollaries
1.4 and 3.15. However, it can now be, more easily, proved with the help of Theorems
3.5 and 3.11.

Theorem 3.17. If AC X and B CY, then for any relation F' on X to Y the
following assertions are equivalent :

(1) F:F(A’B),‘ (2) Dp C A and RFCBCFC[A]C;
(3) for any x € Dp we have x € A, and for any © € A we have F(x) = B.

Proof. By Theorems 3.11 and 3.5, it is clear that (1) and (2) are equivalent.
On the other hand, if (1) holds, then by Theorem 3.11, for any =z € Dp, we
have x € A, and for any = € X we have F(z) C B. Moreover, by Theorem 3.5,
for any x € A we also have B C F'(x). Therefore, (3) also holds. By the above
mentioned theorems, the converse implication is even more obvious.
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Remark 3.18. Thus, in particular if A C X, then for any relation F on X we
have FF =Ty if and only if Dp U Rp C A C F°¢[A]°, or equivalently for any
x € Dp we have x € A, and for any = € A we have F(z) = A.

By using Theorems 3.1 and 3.7, we can also easily prove the following

Theorem 3.19. If A,C C X and B, D CY such that B # 0, then for any
U,V C X the following assertions are equivalent :

(1) Tea, g U] CLie,py[V];: (2) UcCA® or (VZC° and BCD).
Proof. By Theorem 3.1, we have (1) if and only if U C A° or B C I'\¢, p)[V].

Moreover, by Theorem 3.7, the latter inclusion holds if and only if V' ¢ C¢ and
B C D. Therefore, the equivalence of (1) and (2) is also true.

Remark 3.20. Thus, in particular if A, B C X such that A # (), then for any
U,V CX wehave I'y [U] C I'g[V] if and only if either U C A° or (V ¢ B°
and AC B).

Corollary 3.21. If A,C C X and B, D CY such that B # (), then for any
x,y € X the following assertions are equivalent :

(1) Tia,By(z) C Lie,py(y); (2) x¢ A or (yeC and BC D).

Remark 3.22. Thus, in particular if A, B C X such that A # (), then for any
z,y € X we have I'y(z) C I's(y) if and only if either z ¢ A or (y € B and
ACB).

Theorem 3.23. If A,C C X and B, D CY such that A # () and B # 0,
then the following assertions are equivalent :

(1) Tia, By Clic, py; (2) ACC and BCD.

Proof. By Theorem 3.11, we have (1) if and only if Dr, , C C and Rr, , CD.
Moreover, by Theorem 2.3, we now also have A = Dr, ,, and B = Rr, , -
Therefore, (1) and (2) are also equivalent.

Remark 3.24. Thus, in particular for any A, B C X, with A # (0, we have
I'ycIg ifandonly if AC B.

Theorem 3.25. If A, C C X and B and D are nonvoid subsets of Y, then for
any U,V C X the following assertions are equivalent :

(1) Ta, U]l =Tic,p)[V];
(2) (UCA® and VCC®) or (UgZA, VZC° and B=D).

Proof. By Theorem 3.19, we have

Lia,p[U] Clie,p)[V] <= UCA® or (VZC° and BCD)

and
P(C’D)[V]CF(A’B)[U] — VcCcC° or (UQ:AC and DCB).

Hence, it is clear that the equivalence (1) and (2) is also true.
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Remark 3.26. Thus, in particular if A and B are nonvoid subsets of X, then
for any U,V C X we have I'4 [U] =I'g [V ] if and only if either (U C A° and
VcBe) or (UgZA°, V¢ B and A=B).

Corollary 3.27. If A, C C X and B and D are nonvoid subsets of Y, then for
any x,y € X the following assertions are equivalent :

(1) Tia,By(z) =Tic,py(y);
(2) (r¢A and y¢C) or (z€A, yeC and B=D).
Remark 3.28. Thus, in particular if A and B are nonvoid subsets of X, then for

any =,y € X we have ['4(z) = I's(y) if and only if either (z ¢ A and y ¢ B)
or (x€A, ye B and A=B).

Finally, as an immediate consequence of Theorem 3.23, we can also state

Theorem 3.29. If A and C are nonvoid subsets of X and B and D are novoid
subsets of Y, then the following assertions are equivalent :

(1) Tia,By =T, p); (2) A=C and B=D.

Remark 3.30. Thus, in particular for any nonvoid subsets A and B of X we
have I'y = I'p if and only if A= B.

4. INCLUSIONS ON TOTALIZATION RELATIONS
Theorem 4.1. If F is a relation on X to Y, then for any U C X and V CY,
with V #£Y , the following assertions are equivalent :
(1) F[U] CV; (2) UCDp and F[U] C V.
Proof. If (1) holds, then by Theorem 2.9 and the assumption V # Y, it is clear
that U C Dp and F[U] = F[U] C V. Therefore, (2) also holds. By Theorem

2.9, the converse implication is even more obvious.

Corollary 4.2. If F is a relation on X to Y, then for any x € X and V CY,
with V. #Y, the following assertions are equivalent :

(1) F(z)cCV; (2) €Dy and F(z)C V.

Theorem 4.3. For any relations F and G on X to Y, the following assertions
are equivalent :

(1) FcG;
(2) for any xr € X, with G(x) #Y, we have x € D and F(z) C G(x);
(3) for any x € X we have either G(z) =Y or (z € Dp and F(z) C G(z));

(4) for any x € Dp we have F(z) C G(x), and for any x € D% we have
G(x)=Y.
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Proof. Define A = {m eX: Gx)#£Y } Then, by Corollaries 1.3 and 4.2, we
can see that

FCG < VYzeX: F(z)cG(x)

— VzecA: F(x)CcG(z) — VYzcA: z€Dr and F(z)CG(zx).
Therefore, (1) and (2) are equivalent. Moreover, we can easily check that (2) is
equivalent to (3), and (3) is equivalent to (4).

Analogously to Theorem 4.1, we can also easily establish the following

Theorem 4.4. If F is a relation on X to Y, then for any U C X and V C Y
the following assertions are equivalent :

(1) VcCF[U]; (2) U¢g Dp or VCF[U].
Proof. If U C Dp, then by Theorem 2.9 we have F[U] = F[U]. Hence, it is

clear that (1) implies (2). By Theorem 2.9, the converse implication is also quite
obvious.

Corollary 4.5. If F s a relation on X to Y, then for any v € X and V CY
the following assertions are equivalent :

(1) VCF(z); (2) ¢ Dp or V C F(z).

Theorem 4.6. For any relations F and G on X to Y, the following assertions
are equivalent :

(1) GCF;

(2) for any v € Dp we have G(x) C F(z);

(8) for any © € Dp N Dg we have G(x) C F(z);

(4) for any x € X we have either x ¢ Dp or G(z) C F(z);
(5) for any x € Dg we have either x ¢ Dp or G(z) C F(x).

Proof. By Corollaries 1.3 and 4.5, it is clear that
GCF < VYazxeDg: G(z)CF(x)
< VazeDg: x¢Dp or G(z) C F(z).

Therefore, (1) and (5) are equivalent. Moreover, we can easily see that (2) is
equivalent to both (3) and (4), and (4) is equivalent to (5).

Now, as an immediate consequence of Theorems 4.1 and 4.4, we can also state

Theorem 4.7. If F is a relation on X to Y, then for any U C X and V CY,
with V #Y , the following assertions are equivalent :

(1) V=F[U]; (2) UCDp and V =F[U].
Proof. Namely, by Theorem 4.1 and 4.4, we have
F[U]CV <= UcCDp and F[U]CV
VCF[U] <— Ug¢Dr or VCF[U].

Hence, it is clear that (1) and (2) are also equivalent.

and
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Corollary 4.8. If F is a relation on X to Y, then for any x € X and V CY,
with V #Y, the following assertions are equivalent :

(1) V=F(z); (2) z€Dp and V = F(x).

Now, as an immediate consequence of Theorems 4.3 and 4.6, we can also state

Theorem 4.9. For any relations F and G on X to Y, the following assertions
are equivalent :

(1) F=G;
(2) for any x € Dp we have F(x) = G(x), and for any x € D%, we have
Gx)=Y;

(38) for any x € X we have (z ¢ Dp and G(z) =Y ) or (F(z)=Y and
G(z)=Y) or (z € Dp and F(z)=G(z)).

However, it is now more interesting to note that, by using Theorems 4.1 and 4.4,
we can also easily prove the following

Theorem 4.10. If F and G are relations on X to Y, then for any U C X and
V CY, with G[V] #Y, the following assertions are equivalent :

(1) F[U] cG[V]:; (2) V¢ Dg or (UC Dp and F[U]CG[V]).
Proof. By Theorem 4.4, we have
FIUlcG[V] < V¢Dg or F[U] CcG[V].
Moreover, by Theorem 4.4, we have
FI[U] cG[V] < UcDp and F[U]cCG[V].

Therefore, the equivalence of (1) and (2) is also true.

Corollary 4.11. If F and G are relations on X to Y, then for any =,y € X,
with G(y) #Y, the following assertions are equivalent :

(1) F(z)c Gy); (2) y¢ Dg or (z€Dp and F(z) C G(y)).

Now, analogously to Theorem 4.3, we can also easily establish the following

Theorem 4.12. For any relations F and G on X to Y, the following assertions
are equivalent :

(1) FCG;

(2) for any x € X, with G(z) #Y, we have either x ¢ Dg or (xz € Dp and
F(z) C G(x)) ;

(3) for any x € X we have G(z) =Y or x ¢ Dg or (z € Dp and F(z) C
G(z));

(4) for any x € Dp N Dg we have F(x) C G(x), and for any © € Dg \ Dp
we have G(z) =Y .

Moreover, as an immediate consequence of Theorem 4.10, we can also state
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Theorem 4.13. If F and G are relations on X to Y, then for any U C X and
VY, with F[U|#Y and G[V] #£Y, the following assertions are equivalent :

(1) F[U]=G[V];
(2) (U¢ Dp and V ¢ Dg;) or (UCDp, VCDg and F[U] =G[V]).

Proof. By Theorem 4.10, we have

FIUJcG[V] <= V¢Dg oo (UCDr and F[U]CG[V]).

and

GIV]CF|U] < U¢Dr or (VCDg and G[V]CF[U]).

Hence, it is clear that the equivalence of (1) and (2) is also true.

Corollary 4.14. If F and G are relations on X to Y, then for any x,y € X,
with F(z) #Y and G(y) #Y, the following assertions are equivalent :

(1) F(z)=G(y);

(2) (m ¢ Dp and y ¢ Dg) or (x € Dp, y€ Dg and F(x)= G(y)) .

Theorem 4.15. For any relations F and G on X to Y, the following assertions
are equivalent :

(1) F=G;

(2) for any x € Dp N Dg we have F(x) = G(x), for any x € Dp \ Dg we
have F(z) =Y, and for any x € Dg \ D we have G(z) =Y ;

(3) for any x € X we have © ¢ Dp U Dg or (x ¢ Dp and G(z) =Y) or
(x¢ Dg and F(x)=Y) or (x € DpNDg and F(z)=G(z)).

Proof. By Theorem 4.12, it is clear that (1) and (2) are equivalent. Moreover, we
can easily see that (2) and (3) are also equivalent.

5. INCLUSIONS ON TOTALIZATIONS OF BOX RELATIONS

In principle, the following theorem can be naturally derived from Theorems 4.1
and 3.1. However, it can be more easily proved with the help of Theorem 2.17.

Theorem 5.1. If AC X and B CY, then for any U C X and V C Y, with
U#( and V #Y, the following assertions are equivalent :

(1) Ta (U]l CV; (2) UCA and 0 #BC V.

Proof. By Theorems 2.15 and 2.3 and the condition U # (), it is clear that
f‘(A7Q)) (U] = I'x,y)[U] = Y. Therefore, if (1) holds, then because of V # Y
we necessarily have B # (). Hence, by Theorem 2.17 and the assumption V # Y,
we can see that U C A and B = f(A,B) [U] C V. Therefore, (2) also holds. By
Theorem 2.17, the converse implication is even more obvious.
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Remark 5.2. Thus, in particular if A C X, then for any U, V C X, with U # 0}
and V # X, we have I'4 [U] CV ifandonlyif U C AC V.

Corollary 5.3. If AC X and B CY, then for any x € X and V C Y, with
V #Y, the following assertions are equivalent :

(1) Tia py(x)CV; (2) v€A and 0 #£BCV.

Remark 5.4. Thus, in particular if A C X, then for any z € X and V C X,
with V # X, we have T'y(z) CV ifand only if z€ AC V.

Theorem 5.5. If AC X and B CY such that B # (), then for any relation F
on X on Y the following assertions are equivalent :

(1) Tia, B CF; (2) BCF°[A]¢ and Y = F°[A°]¢;
(8) for any x € X, with F(x)#Y, we have v € A and B C F(x);
(4) for any x € X we have either F(z)=Y or (z € A and BC F(z));

(5) for any x € A we have B C F(x), and for any x € A, we have
F(zx)=Y.

Proof. By Corollaries 1.3 and 5.3, and the proof of Theorem 4.3, it is clear that (1)
and (3) are equivalent. Moreover, we can easily see that (3) is equivalent to (4),
and (4) is equivalent to (5). Finally, by Theorem 1.14, it is clear that (2) is only a
concise reformulation of (5).

Remark 5.6. Thus, in particular if A is a nonvoid subset of X, then for any
relation F' on X we have I'y C F if and only if A C F°[A]¢ and X = F°[A°]°,
or equivalently for any = € X, with F(x) # X, we have x € A and A C F(x).

Analogously to Theorem 5.1, we can also easily prove the following

Theorem 5.7. If A C X and B CY such that B # (), then for any U C X
and V CY, with U # (), the following assertions are equivalent :

(1) VCTiap[U]; (2) U¢A or VCB.

Proof. If U C A, then by Theorem 2.17 we have f‘(A,B) [U] = B. Hence, it is
clear that (1) implies (2). By Theorem 2.17, the converse implication is also quite
obvious.

Remark 5.8. Thus, in particular if A is a nonvoid subset of X, then for any
U,V C X, with U # 0, we have V C T4 [U] if and only if either U ¢ A or
VCA.

Corollary 5.9. If AC X and B CY such that B # (), then for any x € X
and V CY the following assertions are equivalent :

(1) VCf‘(AyB)(:v); (2) v¢ A or VCB.

Remark 5.10. Thus, in particular if A is a nonvoid subset of X, then for any
x€ X and V C X we have V C T'y(z) if and only if either z ¢ A or V C A.

Now, as an immediate consequence of Corollaries 1.3 and 5.9, we can also state
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Theorem 5.11. If AC X and B CY such that B # (), then for any relation
F on X on Y the following assertions are equivalent :

(3) forany x € A we have F(x)C B;
(4) for any x € X we have either © ¢ A or F(x)C B.

Remark 5.12. Thus, in particular if A is a nonvoid subset of X, then for any
relation F' on X we have F C T’y if and only if F[A] C A, or equivalently
F(x) C A forall z€ A.

Now, as an immediate consequence of Theorems 5.1 and 5.7, we can also easily
establish

Theorem 5.13. If AC X and B CY such that B # 0, then for any U C X
and V CY, with U+# 0 and V #Y, the following assertions are equivalent :

(1) V=Tap[U]; (2) UCA and B=V.

Proof. If (1) holds, then by Theorem 5.1, we have U C A and B C V. Hence, by
Theorem 5.7, it is clear that V C B also holds. Thus, (1) implies (2). By the the
above mentioned theorems, the converse implication is even more obvious.

Remark 5.14. Thus, in particular if A is a nonvoid subset of X, then for any
U,VCX, withU#0 and V#Y, we have V=T4[U] ifand only if U C A
and A=V.

Corollary 5.15. If AC X and B CY such that B # (), then for any © € X
and V CY, with V #Y, the following assertions are equivalent :

(1) V:f(A7B)(m); (2) x€A and B=V.
Remark 5.16. Thus, in particular if A is a nonvoid subset of X, then for any

z€X and V C X, with V # X, we have V = [y (z) if and only if z € A and
A=V.

Now, as an immediate consequence of Theorems 5.5 and 5.11, we can also state

Theorem 5.17. If A C X and B CY such that B # (), then for any relation
F on X on Y the following assertions are equivalent :

(1) F=Ta p);

(2) F[A] C BC F°[A]¢ and Y = F°[A°]¢;

(3) forany x € A we have F(x) = B, and for any x € A we have F(x) =Y

(4) for x € X we have (x ¢ A and F(z)=Y) or (F(z)=Y and B=Y)
or (x€ A and F(z)=B).

Remark 5.18. Thus, in particular if A is a nonvoid subset of X, then for any
relation F' on X we have F = T4 if and only if F[A] ¢ A C F¢[A]° and
X = F°¢[Ac]¢, or equivalently for any x € A we have F(z) = A, and for any
xr € A° we have F(z) = X.

By using Theorems 5.1 and 5.7, we can also easily prove the following
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Theorem 5.19. If A, C C X and B and D are nonvoid subsets of Y such that
D #Y, then for any nonvoid subsets U and V of X the following assertions are
equivalent :

(1) Ta g Ul C Lo p[V]; (2) VZC or (UCA and BCD).

Proof. By Theorem 5.7, we have

VCcliaplU] & U¢A or VCB.
Moreover, by Theorem 5.1, we have

TapUlCV <= UCA and BCV.
Therefore, (1) and (2) are also equivalent.

Remark 5.20. Thus, if in particular A and B are nonvoid subsets of X such that
B # X, then for any nonvoid subsets U and V of X we have ['4[U] C I'g[V] if
and only if either V ¢ B or (UCA and ACB).

Corollary 5.21. If A, C C X and B and D are nonvoid subsets of Y such
that D #Y, then for any x,y € X the following assertions are equivalent :

(1) f‘(A’B)(QL‘) C f‘(c,D)(y) ; (2) y¢C or (x€A and BCD).
Remark 5.22. Thus, if in particular A and B are nonvoid subsets of X such

that B # X, then for any x, y € X we have T4 (z) C I'z(y) if and only if either
y¢B or (x€Aand ACB).

Theorem 5.23. If A, C C X such that C # () and B and D are nonvoid subset
of Y such that D #Y, then the following assertions are equivalent :

(1) Tia, B C Lo s (2) CCA and BCD;
Proof. By Corollaries 1.3 and 5.21, we can see that
Tiap CLop < YazeX: Tiap(@) Lo p)
<~ VzeX: 2¢C or (z€A and BCD)
even if C' = (. Hence, it is clear that now (1) and (2) are also equivalent.

Remark 5.24. Thus, if in particular A, B C X such that ) # B # X, then
4 C I if and only if A=B.

Namely, because of Ty = X2 and I's # X2, the inclusion Ty C Tz implies
that A # (0. (For some finer statements, see Levine [8, p. 99].)

Theorem 5.25. If A, C C X and B and D are proper, nonvoid subsets of Y,
then for any nonvoid subsets U and V' of X the following assertions are equivalent :

(1) Ta. 5 Ul =Tc.p)[V];

(2) (UZAand Vg C) or (UCA, VCC and B=D).
Proof. By Theorem 5.19, we have
Ta Ul CTiep[V] <= V¢C or (UCA and BC D)
Lo py[V]ICTiap U] < UgA oo (VCC and DCB).

and

Hence, it is clear that the required assertions are also equivalent.
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Remark 5.26. Thus, in particular if A and B are proper, nonvoid subsets of X,
then any nonvoid subsets U and V of X we have I'4[U ] = I'g[V] if and only if
cither (U¢Z A and V¢ B) or (UCA, VCB and A=B).

Corollary 5.27. If A, C C X and B and D are proper, nonvoid subsets of Y,
then for any x,y € X the following assertions are equivalent :

(1) Tia py(2) =Tic,p)(y);
(2) (z¢Aand y¢C) or (z€A, yeC and B=D).
Remark 5.28. Thus, in particular if A and B are proper, nonvoid subsets of X,

then for any z,y € X we have I'y(z) = I'z(y) if and only if either (z ¢ A and
y¢B) or (t€A, ye B and A=B)

Now, as an immediate consequence of Theorem 5.23, we can also state

Theorem 5.29. If A, C C X and B and D are proper, nonvoid subsets of Y,
then the following assertions are equivalent :

(1) f(A,B):f(C,D);' (2) A=C and B=D.

Remark 5.30. Thus, in particular for any proper, nonvoid subsets A and B of
X, we have I'y = I'g if and only if A= B.

6. FURTHER INCLUSIONS ON TOTALIZATION RELATIONS

Theorem 6.1. If AC X and B CY such that B # (), and F is a relation on
X to Y, then for any U,V C X, with U # (0 and F[V] #Y, the following
assertions are equivalent :

(1) Ta, plU]CF[V]; (2) V¢ Dp or (UCA and BCF[V]).
Proof. By Theorem 4.4, we have
Tap[UJCF[V] < V¢Dr or Lap[U]CF[V].
Moreover, by Theorem 5.1, we have
Tap[U CF[V] < UCA and BCF[V].

Therefore, (1) and (2) are also equivalent.

Remark 6.2. Thus, in particular if A is a nonvoid subset of X and F is a
relation on X, then for any U,V C X, with U # () and F[V] # X, we have
L4[UlJCcF[V]ifandonlyif V¢ Drp or UCACF[V].

Corollary 6.3. If A C X and B CY such that B # (), and F is a relation
on X toY, then for any x,y € X, with F(y)#Y, the following assertions are
equivalent :

(1) Tia p)(z) C F(y); (2) y¢ Dp or (x€A and B C F(y)).
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Remark 6.4. Thus, in particular if A is a nonvoid subset of X and F is a relation
on X, then for any z,y € X, with F(y) # X, we have I'y(x) C F(y) if and
only if y¢ Dp or x € AC F(y).

Theorem 6.5. If AC X and B CY such that B # () then for any relation F
on X to Y the following assertions are equivalent :

(1) f(A,B) CF;

(2) for any x € Dp we have either F(z) =Y or (z €A and B C F(z));

(3) forany x € X we have x ¢ Dy or F(z)=Y or (z € A and B C F(x));

(4) for any x € X, with F(z) #Y, we have either © ¢ D or (z € A and
BC F(z)).

Proof. Define A= {xz € X : F(z)#Y }. Then, by Corollaries 1.3 and 6.3, we
can see that

f(AyB)CF — VzrelX: f‘(A’B)(ZE>CF(CC) <~
VaeeA: f(A,B)($)CF($) — z¢Dp or (r€A and BCF(x)).
Therefore, (1) and (4) are equivalent. Moreover, we can easily see that (3) is
equivalent to both (2) and (4).

Remark 6.6. Thus, in particular if A is a nonvoid subset of X, then for any
relation F' on X we have I'y C F' if and only if for any x € X, with F(z) # X,
we have either x ¢ Dp or z € A C F(x).

Analogously to Theorem 6.1, we can also easily prove the following

Theorem 6.7. If A C X and B CY such that B # () and B #Y, and F
is a relation on X to Y, then for any U,V C X, with U # (), the following
assertions are equivalent :

(1) F[V]CTiaplU]; (2) U¢ A or (VCDp and F[V]C B).
Proof. By Theorem 5.7, we have
FIV]cTiaplU] < U¢gA or F[V]CB.
Moreover, by Theorem 4.1, we have
F|[V]CcB <= VcDr and F[V]CB.

Therefore, (1) and (2) are also equivalent.

Remark 6.8. Thus, in particular if A is a proper, nonvoid subset of X and F'is
a relation on X, then for any U,V C X, with U # (), we have F [V ]| C T4[U]
if and only if U ¢ A or (V C Dp and F[V] C A).

Corollary 6.9. If AC X and B CY such that B # 0 and B #Y, and F
15 a relation on X to Y, then for any x,y € X the following assertions are
equivalent :

(1) F(y)cf‘(A,B)(x); (2) ¢ A or (y€ Dp and F(y) C B).
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Remark 6.10. Thus, in particular if A is a proper, nonvoid subset of X and F
is a relation on X, then for any x,y € X, we have F(y) C T'4(z) if and only if
z¢ Aor (ye€Dp and F(y) C A).

Now, as an immediate consequence of Corollaries 1.3 and 6.9, we can also state

Theorem 6.11. If AC X and B CY such that B# () and B #Y, then for
any relation F on X to Y, the following assertions are equivalent :

(1) FCTia p; (2) ACDp and F[A] C B;

(3) forany z € A we have x € Dp and F(x) C B;

(4) for any x € X we have either x ¢ A or (z € Dp and F(z) C B).
Remark 6.12. Thus, in particular if A is a proper, nonvoid subset of X, then

for any relation F on X, we have F C T4 if and only if F[A] Cc AC Dp, or
equivalently for any = € A we have x € Dp and F(x) C A.

Now, as an immediate consequence of Theorems 6.1 and 6.7, we can also state

Theorem 6.13. If AC X and BCY such that B# 0 and B#Y, and F is
a relation on X to Y, then for any U,V C X, with U # 0 and F[V]|#Y, the
following assertions are equivalent :

(1) Ta,p[Ul=F[V];

(2) (UZA and V¢ Dp) or (UCA, VCDp and B=F[V]).
Proof. By Theorem 6.1, we have

Tam U CF[V] < V¢Dr ot (UCA and BCF[V]).
Moreover, by Theorem 6.7, we have

FIV]cTaplU] <= U¢ZA oo (VCDp and F[V]CB).

Hence, it is clear (1) and (2) are also equivalent.

Remark 6.14. Thus, if in particular if A is a proper, nonvoid subset of X and

F'is a relation on X, then for any U,V C X, with U # 0 and F[V] # X, we

have T4[U] = F[V] ifand only if (U ¢ A and V ¢ Dp) or (UC A, V C Dp

and A=F[V]).

Corollary 6.15. If AC X and B CY such that B# () and B#Y, and F
(

a
is a relation on X to Y, then for any x,y € X, with F(x) #Y, the following
assertions are equivalent :

(1) Tia, py(z)=F(y);

(2) (z¢ A and y¢ Dp) or (€A, y€ Dp and B=F(y)).
Remark 6.16. Thus, in particular if A C X such that A # () and A # X,
and F' is a relation on X, then for any =,y € X, with F(z) # X, we have

T4(x) = F(y) if and only if either (¢ Aand y¢ Dp) or (z€ A, y€e Dp
and A= F(y)).

Now, as an immediate consequence of Corollaries 1.4 and 6.15, we can also state
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Theorem 6.17. If AC X and B CY such that B# 0 and B #Y, then for
any relation F on X to Y, the following assertions are equivalent :

(1) Ta.p=F;
(2) for any © € AN Dp we have F(x) = B and for any x € Dp \ A we have
F(z)=Y;

(3) for any v € X we have x ¢ AUDp or (v ¢ A and F(z) =Y) or
(zx€ ANDp and F(z)=B).

Remark 6.18. Thus, in particular if A is a proper, nonvoid subset of X, then
for any relation F on X we have I'y = F if and only if for any x € AN Dp we
have F'(z) = A and for any € Dp \ A we have F(z) = X.

7. SOME APPLICATIONS TO RELATOR SPACES

A family R on relations on one set X to another Y is called a relator on X to
Y. Moreover, the ordered pair (X, Y )(R) = ((X, Y), R) is called a relator
space. For the origins of this notion, see [15] and the references therein.

If in particular R is a relator on X to itself, then we may simply say that R is
a relator on X . Moreover, by identifying singletons with their elements, we may
naturally write X (R) in place of (X, X )(R).

Quite similarly, if R is a relation on X to Y, then we may simply write
(X,Y)(R) in place of (X,Y )({R}). More generally, the same convention can
also be applied when § is a function of relators on X to Y.

Relator spaces of the simpler type X (R) and X (R) are substantial genera-
lizations of ordered sets and uniform spaces [3]. However, they are insufficient
to include the theory of context spaces [4], and to naturally express continuity
properties of relations [18].

If R is arelator on X to Y, then for any A C X and B C Y, we write:
(1) Aelntg(B) if R[A] C B forsome ReTR;
(2) Aelbgr(B) if BC R°[A]¢ forsome ReR.

To see the appropriateness of the latter apparently very strange definition, recall
that, by the corresponding definition and Theorem 1.14, we have

R[A]= |J R(a) and R°[A]°= () R(a).

a€A a€A

Thus, in particular B C R¢[A]¢ if and only if B C R (a) for all a € A. That is,
be R(a), i.e., aRb for all a € A and b € B. Therefore, A is a lower bound of
B with respect to R.

In this respect, it is also worth noticing that B C R°[A]° if and only if
R¢[A] C B¢. Therefore,

Lbr(B)=Intgr.(B°) and Intg(B)=Lbgr:(B°),
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where R¢ = {R¢: R € R}. Thus, in contrast to a common belief, the basic
topological and order theoretic notions can be expressed in terms of each other.
This fact, and the use of the notation Lb, was first put forward in [19].

Now, if R is a relator on X to Y, then for any z € X and B C Y, we may
simply write :

(3) z€intr(B) if {z} € Intr(B); (4) zelbr(B) if {2} € Lbp(B);
(5) Be&xr if intr(B)#0; 6) Befr if Ibr(B)#£0.

Moreover, if in particular R is a relator on X, then for any A C X we may also
write :

(7) Aerr if AcIntr(A); (8) AeTr if ACintgr(A);
(9) Aeclp if AELbR(A); (10) AeLp if ACle(A)

The relations Intz and inti are called the proximal and topological interiors
on Y to X induced by R, respectively. While, the members of the families 7 ,
Tr, and Er are called the proximally open, topologically open and fat subsets of
X (R), respectively.

The use of notation Int instead of € was first suggested in [15 ]. While, the
fact that the fat sets are usually more important tools than the open ones was first
stressed in [16], and at the Seventh Topological Symposium in Prague in 1991.

Now, by Remark 2.2 and Definition 2.1, we may naturally introduce the following
generated relators.

Definition 7.1. For any family A C P(X), we define
Ra={Ta: AcA}.

Moreover, for any relations f and § on P(Y) to X and P(X), respectively, we
define

Rf:{r(a73): aEf(B)} and R{S’:{F(A,B): AES(B)}

Remark 7.2. Note that if in particular § 4 is the identity function of A, then
Ra=Rz,-
While, if in particular §;(B) = {{a} : a € f(B)} for all B C Y, then
Moreover, by Definition 2.7, we may also also naturally introduce the following
totalization relator.

Definition 7.3. For any relator R on X to Y, we define

R={R: ReR}.

Remark 7.4. Now, for any family A of subsets of X and relation Int on X, the
totalizations R4 and Ry, may be called the Davis—Pervin and the Hunsaker—
Lindgren relators on X generated by A and Int, respectively.

By using Theorem 5.1, concerning an obvious generalization of the latter relator,
we can easily prove the following
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Theorem 7.5. If Int is a relation on P(Y) to P(X), then for any U C X
and V. CY, with U #0) and V #Y, the following assertions are equivalent :

(1) UEIH’B»,@IM(V);
(2) Ae€lnt(B) for some ACX and BCY with UC A and 0 £A£BCV.

Proof. By the corresponding definitions, we have (1) if and only if there exist
AC X and B C Y, with A € Int(B), such that (4 5)[U] C V. More-
over, from Theorem 5.1 we can see that the latter inclusion is equivalent to the
requirements that U C A and () # B C V. Hence, it is clear that (1) and (2) are
also equivalent.

In principle, the following theorem can be derived from Theorem 7.5 by using
Remark 7.2. However, it can be more easily proved with the help of Corollary 5.3.

Theorem 7.6. If int is a relation on P(Y) to X, then for any x € X and
VCY, with V#Y, the following assertions are equivalent :

(1) we€intz (V);

(2) x€int(B) for some BCY with ) #B CV.

Proof. By the corresponding definitions, we have (1) if and only if there exist a € X
and B C Y, with a € int (B), such that f({a}, B)(z) C V. Moreover, from
Corollary 5.2 we can see that the latter inclusion is equivalent to the requirements
that = € {a} and () # B C V. This shows that a = x. Hence, it is clear that (1)
and (2) are also equivalent.

Remark 7.7. Now, by establishing the basic properties of the relations Intz and
intg for a relator R on X to Y, we can give some necessary and sufficient
conditions on the relations Int and int on P(Y) to P(X) and X, respectively,
in order that the equalities Int = Intz ~ and int =int = could be true.

Moreover, for a relator R on X to Y, we can investigate the validity the

equalities Intg = Intjz ~ and intg = intz . And, for a relator R on X to
n R in R

Y, we may look for the largest relators R# and R” on X to Y such that the
equalities Intg = Intp# and intg = intgs could be true.

However, it is now more convenient to note only that, by using Remarks 5.2 and
5.4, we can also easily prove the following theorems.

Theorem 7.8. If 7 C P(X), then for any proper, nonvoid subset U of X the
following assertions are equivalent :

(1) U€rz, ; (2) Uer.

Proof. By the corresponding definitions, we have (1) if and only if there exists
A € 7 such that T4[U] € U. Moreover, from Remark 5.2 we can see that the
latter inclusion is equivalent to the requirement that U C A C U, i.e., A=U.
Hence, it is clear that (1) and (2) are also equivalent.
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Theorem 7.9. If 7 C P(X), then for any proper, nonvoid subset U of X the
following assertions are equivalent :

(1) UeTs (2) U= B forsome BCT.

Proof. By the corresponding definitions, we have (1) if and only if for each = € U
there exists A, € 7 such that T4 (x) C U. Moreover, from Remark 5.4 we can see
that the latter inclusion is equivalent to the requirement that x € A, C U. This
shows that U = J, . Az . Hence, it is clear that (1) and (2) are also equivalent.

Theorem 7.10. If £ C P(X), then for any proper, nonvoid subset U of X the
following assertions are equivalent :

(1) Ueé&z, ; (2) ACU forsome A€& with A#0.

Proof. By the corresponding definitions, we have (1) if and only if there exist x € X
and A € &£ such that Ty (z) C U. Moreover, from Remark 5.4 we can see that
the latter inclusion is equivalent to the requirements that x € A C U . Hence, it is
clear that (1) and (2) are also equivalent.

Remark 7.11. Now, by establishing the basic properties of the families 7 , 7r,
and £&r for arelator R on X, we can give some necessary and sufficient conditions
on the families 7, 7 and & of subsets of X in order that the equalities A = 75 _,
A=Tz_ and A= Ex . respectively, could be true.

Moreover, for a relator R on X, we can investigate the validity the equalities
TR = TRy Tr = TﬁTR and Er = 57%573' And, for a relator R on X, we may look

for the largest relators RF, R™ and R® on X such that the equalities 7 = 7r: ,
Tr = Trn and Er = Exa could be true.

Unfortunately, by [9, Example 5.3], the relator R" does not, in general, exist.
Moreover, by [12, Remark 6.20], the operation f is not stable in the sense that in

general { X 2} #* { X2 }ﬁ . Therefore, we also need the modification relators R#
and R”"°° introduced in [9] and [10].
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